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Abstract

We study a model in which a "statistician" takes an action on

behalf of an agent, based on a random sample involving other peo-

ple. The statistician follows a penalized regression procedure: the

action that he takes is the dependent variable’s estimated value given

the agent’s disclosed personal characteristics. We ask the following

question: Is truth-telling an optimal disclosure strategy for the agent,

given the statistician’s procedure? We discuss possible implications of

our exercise for the growing reliance on "machine learning" methods

that involve explicit variable selection.
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1 Introduction

In recent years, actions in ever-expanding domains are taken on our behalf by

automated systems that rely on machine-learning tools. Consider the case

of online content provision. A website obtains information about a user’s

personal characteristics. Some of these characteristics are actively provided

by the user himself; others are obtained by monitoring his navigation his-

tory. The website then feeds these characteristics into a predictive statistical

model, which is estimated on a sample consisting of observations of other

users. The estimated model then outputs a prediction of the user’s ideal

content. In domains like autonomous driving or medical decision making,

AI systems are mostly confined to issuing recommendations for a human de-

cision maker. In the future, however, it is possible that decisions in such

domains will be entirely based on machine learning.

How should users interact with such a procedure? In particular, should

they truthfully share personal characteristics with the automatic system? Of

course, in the presence of a conflict of interests between the two parties -

e.g., when an online content provider operating the automatic system has a

distinct political or commercial agenda - the user might be better off if he

misreports his characteristics, deletes “cookies”from his computer or adopts

incognito browsing. This is a familiar situation of communication under

misaligned preferences, which seems amenable to economists’standard model

of strategic information transmission as a game of incomplete information

(with a common prior).

However, suppose that there is no conflict of interests between the two

parties - i.e., the objective behind the machine-learning algorithm is to make

the best prediction of the user’s ideal action. But how do such systems

perform this prediction task in reality? Consider a basic tool like LASSO1

(Tibshirani (1996)). This is a variant on standard linear regression analy-

1Least Absolute Shrinkage and Selection Operator
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sis, which adds a cost function that penalizes non-zero coeffi cients. The

procedure involves both variable selection (i.e. choosing which of the many

variables will enter the regression) and estimation of the selected variables’

coeffi cients. The predicted action for an agent with a particular vector of

personal characteristics x is the dependent variable’s estimated value at x.

A penalized-regression procedure like LASSO is considered useful in situ-

ations where users have a great number of potentially relevant characteristics

- especially when few of these variables are assumed to be relevant for predict-

ing the agent’s ideal action (i.e., the true data-generating process is sparse).

However, LASSO is not fundamentally Bayesian. Indeed, it is an extension

of a familiar classical-statistics procedure. Although it is possible to justify

LASSO estimates as properties of a Bayesian posterior derived from some

prior (Tibshirani (1996), Park and Casella (2008), Gao et al. (2015)), these

properties are not necessarily relevant for maximizing the user’s welfare. Fur-

thermore, there is no reason to assume that the prior that rationalizes LASSO

in this manner coincides with the user’s actual prior beliefs (the priors in the

above-cited papers involve Laplacian distributions over parameters). Thus,

neither the preferences nor the priors that take part in the Bayesian founda-

tion for LASSO are necessarily the ones an economic modeler would like to

attribute to the user in a plausible model of the interaction.

This observation could be extended to many machine-learning predictive

methods. If we want to model human interaction with such algorithms, some

departure from the standard Bayesian framework with common priors seems

to be required. Put differently, if one were to analyze a model with common

priors, where a benevolent Bayesian decision maker tries to take the optimal

action for an agent with unknown characteristics, then for almost all prior

beliefs, the decision maker’s behavior will not be mimicked by a familiar

machine-learning procedure. Therefore, our approach in this paper is to take

the penalized-regression procedure as given (rather than trying to provide a

formal rationalization for it) and examine the user’s strategic response to it.

3



Specifically, we present a model of an interaction between an “agent”

and a “statistician” - the latter is a stand-in for an automated algorithm

that gathers data about the agent and outputs an action on his behalf. The

agent’s ideal action is a linear function of binary personal characteristics.

The parameters of this function are unknown. The statistician learns about

them by means of a sample that consists of noisy observations of the ideal

actions of other agents with heterogeneous characteristics. This sample is

the statistician’s private information - i.e., the agent is not exposed to it.

However, the sample design (i.e., the number of observations for each vector

of personal characteristics) is common knowledge.

The statistician employs a penalized linear regression to predict the agent’s

ideal action as a function of his characteristics. The penalty taxes non-zero

estimated coeffi cients. We assume it is a linear combination of the three most

basic forms: L0, L1 (LASSO) and L2 (Ridge). The agent’s characteristics are

his private information, and he reports them to the statistician. The ac-

tion that the statistician takes is the penalized regression’s predicted output,

given the reported values of the agent’s personal characteristics. The agent’s

payoff is a standard quadratic loss function - thus coinciding with the most

basic criterion for evaluating estimators’predictive success.

We pose the following question: Fixing the statistician’s procedure and

the agent’s prior belief over the true model’s parameters, would the agent al-

ways want to truthfully report his personal characteristics to the statistician?

When this is the case for all possible priors, we say that the statistician’s

procedure (or “estimator”) is incentive-compatible. Thus, in line with the

methodological observation above, we do not think of the statistician as a

Bayesian decision maker who shares the agent’s prior, observes a signal (i.e.,

the sample) and takes an action that maximizes the agent’s expected payoff

according to the Bayesian posterior belief. Instead, we take the penalized

regression method as given and ask whether it creates an incentive for the

agent to misreport his personal characteristics.
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Our analysis identifies aspects of the problem that create incentives for

the agent to misreport his characteristics, and establishes suffi cient conditions

for incentive compatibility. The following is a preview of our main insights.

We wish to emphasize that although this paper involves material that nor-

mally belongs to statistical and econometric theory, it follows a tradition in

microeconomic theory that considers small, stylized models, sacrificing gen-

erality for the sake of complete analytical characterizations and clear-cut,

interpretable results. We believe that the forces we identify are robust in the

sense that they will appear in generalizations.

1. The importance of uniform samples

While our paper focuses on variable selection, one potential source of misre-

porting exists even when the statistician follows OLS (i.e. linear regression

without variable selection). When the number of sample points per charac-

teristics vector is not constant, the agent may have an incentive to misreport.

In particular, if there are few observations for his actual profile of character-

istics, he may pretend to have a different profile, for which the statistician

obtains many observations. Although the incorrect report induces a biased

response by the statistician, it will also reduce its variance, such that the net

effect on the agent’s payoff will be positive.

In contrast, when the statistician’s sample is uniform - i.e., it consists of

the same number of samples points for every vector of characteristics, OLS

estimators are incentive-compatible. We assume uniform samples for the rest

of the paper, thus isolating the incentive issues that exclusively follow from

the element of variable selection in the statistician’s procedure.

2. Asymmetric sample noise and the variable selection curse

We first address an incentive issue that arises even in the case of a single

explanatory variable. In this case, the agent’s reporting decision involves

ticking only one yes/no box. Because the agent’s report only matters when

the variable is selected by the statistician’s procedure, he should only care

about the distribution of the variable’s estimated coeffi cient conditional on
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the “pivotal event” in which the variable’s coeffi cient is non-zero. One can

construct asymmetric distributions of the sample noise for which the esti-

mated coeffi cient conditional on the pivotal event is so biased that the agent

is better off introducing a counter-bias by misreporting his personal charac-

teristic.

We refer to this effect as the “variable selection curse”. As the term

suggests, the logic is reminiscent of pivotal-reasoning phenomena like the

Winner’s Curse in auction theory (Milgrom and Weber (1982)) or the Swing

Voter’s Curse in the theory of strategic voting (Feddersen and Pesendorfer

(1996)). The variable selection curse does not disappear with large sam-

ples: When the noise distribution is asymmetric, the statistician’s procedure

can fail incentive compatibility even asymptotically. In contrast, we show

that when the sample noise is symmetrically distributed, the estimator is

incentive-compatible in the single-variable case.

3. Imbalances across multiple variables

When there are multiple explanatory variables, the element of variable selec-

tion in the statistician’s procedure could generate an incentive problem even

if the statistician faced no sampling error. The reason is that the cumulative

bias due to the exclusion of multiple variables can be so large that the agent

would like to introduce a counter-bias by misreporting the value of a variable

he expects to be included.

We then introduce normally distributed sample noise. This makes the

problem tractable and we are able to obtain simple characterizations for

various classes of the agent’s prior belief over the model’s true coeffi cients.

First, the procedure is not incentive-compatible because there exist prior

beliefs that exhibit an asymmetry between variables, such that the agent

would like to misreport at least one characteristic. Second, we show that

when the agent’s prior over each coeffi cient is independent and symmetric

around zero (reflecting agnosticism regarding the effect of each variable), he

has no incentive to misreport.
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Finally, and perhaps most interestingly, when the agent’s prior over each

coeffi cient is i.i.d (but with non-zero mean), the agent has no incentive to

misreport only if his characteristics vector is suffi ciently balanced - i.e., its

numbers of 0’s and 1’s are not too different. This result has an implication

for the question of whether the agent has an incentive to “delete cookies”

from his computer when facing a penalized-regression system: the agent has

a disincentive to delete cookies only if has a suffi cient number of them.

Thus, while variable selection is an important ingredient in successful

prediction algorithms, it creates new incentives for an agent to misreport his

personal characteristics when interacting with them. Moreover, situations

that exhibit asymmetries - in the number of observations across character-

istics profiles, in the sample noise distribution, or in the agent’s beliefs or in

the shape of his characteristics profile - exacerbate this incentive problem.

Related literature

Our paper joins a small literature that has begun exploring incentive issues

that emerge in the context of classical-statistics procedures. Cummings et

al. (2015) study agents with privacy concerns who strategically report their

personal data to an analyst who performs a linear regression. Chassang et al.

(2012) argue for a modification of randomized controlled trials when experi-

mental subjects take unobserved actions that can affect treatment outcomes.

Banerjee et al. (2017) rationalize norms regarding experimental protocols

(especially randomization) by modeling experimenters as ambiguity-averse

decision makers. Spiess (2018) studies the design of estimation procedures

that involve variable selection when the statistician and the social planner

have conflicting interests (e.g., when the statistician has a preference for re-

porting large effects). He applies max-min methodology to account for a

statistical procedure that is hard to reconcile with strict Bayesianism (we

discuss this example in more detail in the concluding section). These exam-

ples offer further demonstration of the conceptual challenges that arise from

the mixture of incentives and non-Bayesian statistics.
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2 A Model

Let x1, ..., xK be a collection of binary explanatory variables; xk ∈ {0, 1} for
every k = 1, ..., K. Each variable represents a personal characteristic of an

agent. In the context of medical decision making, a variable can represent

a risk factor (obesity, smoking, etc.). Under the online-content-provision

interpretation, a variable can represent whether the agent visited a particular

website. Denote X = {0, 1}K and x = (x1, ..., xK). In what follows, it will

be convenient (as well as conventional) to add a fictitious variable x0, which

is deterministically set at x0 = 1.

A statistician must take an action a ∈ R on behalf of the agent. The

agent’s payoff from action a is −(a− f(x))2, where f(x) is the agent’s ideal

action as a function of x, given by

f(x) =
K∑
k=0

βkxk

The coeffi cients β0, ..., βK are fixed but unknown. The value of x is the agent’s

private information. Before taking an action, the statistician privately gets

access to a sample that consists of N observations per value of x. For every

x ∈ X, the N observations are (ynx)n=1,...,N , where ynx = f(x) + εnx, and ε
n
x

is random noise that is drawn i.i.d from some distribution with zero mean.

Denote ε = (εnx)x,n. The observations do not involve the agent himself. We

have thus described an environment with two-sided private information: the

agent privately knows x, whereas the statistician privately learns the sample.

We will discuss the importance of the assumption of a uniform sample (N

observations for each value of x) in Section 3.1. The broader assumption that

the statistician has observations for every value of x means that the total

number of observations is large relative to the number of potentially relevant

variables. It also rules out the possibility that some of the variables repre-

sent interactions among other variables. This is a limitation of our model:
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In practice, one motivation for estimation procedures that involve variable

selection is the “big data”predicament of having more explanatory variables

than observations. However, another key motivation for such procedures -

namely, an underlying belief that the true model is sparse (i.e. βk = 0 for

most values of k) - is consistent with our specification.

The statistician wishes to estimate the function f - equivalently, the co-

effi cients β0, ..., βK . He follows a penalized regression procedure that assigns

costs to including explanatory variables in the regression. We assume a gener-

alized penalty function that is additively separable in the three most common

forms of penalties: a fixed cost for the mere inclusion of a non-zero coeffi cient

(L0 penalty), a cost for the magnitude of the coeffi cient in absolute value

(the LASSO or L1 penalty) and cost for the squared value of the coeffi cient

(the “Ridge”or L2 penalty).2

Formally, given the sample (ynx)n=1,...,N
x=0,1 , the statistician solves the follow-

ing minimization problem,

min
b0,...,bK

∑
x∈X

N∑
n=1

(ynx −
K∑
k=0

bkx
n
k)2 + 2KN

K∑
k=1

(
c01bk 6=0 + c1|bk|+ c2b

2
k

)
(1)

We denote the solution to this problem by b(ε, β) = (b0(ε, β), ..., bK(ε, β)),

and refer to (b(ε, β))ε as the estimator. The dependence on (ε, β) follows from

the fact that the estimator depends on the sampled observations (ynx)n=1,...,N
x=0,1 ,

and these observations are determined by (ε, β). Note that there are no costs

associated with the intercept b0. Note also that the penalty costs are mul-

tiplied by the number of observations, such that the cost per observation

remains constant. When c0 = c1 = c2 = 0, we are back with the OLS esti-

mator. We sometimes refer to c0, c1, c2 as complexity costs. We treat them

as constant per observation mostly for notational convenience, as the value

of N is taken to be fixed for almost throughout the paper (Section 3.2.1 is

an exception).

2A combination of LASSO and Ridge penalties is known as an "elastic net" regression.

9



Having estimated f , the statistician receives a report r ∈ X from the

agent. Denote r0 = 1 for convenience. The statistician then takes the action

a =
∑K

k=0 bk(ε, β)rk. The agent’s expected payoff for given β0, ..., βK is

therefore

−Eε

[
K∑
k=0

(bk(ε, β)rk − βkxk)
]2

(2)

Discussion

The agent’s preferences are given by a quadratic loss function. This is also

a standard criterion for evaluating the predictive success of estimators. Sup-

pose that r = x - i.e., the agent submits a truthful report of his personal

characteristic. Then, f̂(x) =
∑K

k=0 bk(ε, β)xk is the predicted ideal action for

the agent. Expression (2) can thus be written as −Eε[f̂(x)−f(x)]2 - i.e., the

agent’s expected payoff is defined by the estimator’s mean squared error.

Real-life use of penalized regression methods such as (1) is motivated by

an attempt to perform well according to criteria like mean squared error.

Consider the following quote from Hastie et al. (2015, p. 7):

“There are two reasons why we might consider an alternative

to the least-squares estimate. The first reason is prediction ac-

curacy: the least-squares estimate often has low bias but large

variance, and prediction accuracy can sometimes be improved by

shrinking the values of the regression coeffi cients, or setting some

coeffi cients to zero. By doing so, we introduce some bias but

reduce the variance of the predicted values, and hence may im-

prove the overall prediction accuracy (as measured in terms of

the mean-squared error). The second reason is for the purposes

of interpretation. With a large number of predictors, we often

would like to identify a smaller subset of these predictors that

exhibit the strongest effects.”
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The first reason says that in the absence of a clear prior idea of the

true data-generating process, a penalized regression is a plausible method

for making automatic predictions on the basis of statistical data. In this

informal sense, there is no conflict of interests between the two parties in our

model: The statistician follows a procedure that is considered to be useful for

predictive success, where the criterion for predictive success coincides with

the agent’s expected utility given the true model. The standard formaliza-

tion of this description assumes the statistician has well-defined preferences

that coincide with the agent’s and rationalize his procedure. In the Intro-

duction, we explained the diffi culty to rationalize the statistician’s procedure

in these terms. Formal justifications for penalized-regression methods in the

literature (e.g. Ch. 11 in Hastie et al. (2015)) often show that their predic-

tive success (measured by the mean squared error criterion) is good under

some restrictions on the domain of the true parameters β0, ..., βK (particu-

larly when many of them are null) without going all the way to a complete

Bayesian rationalization.

The second justification for penalized regression that the quote invokes

is essentially a bounded rationality rationale. Dealing with large models is

diffi cult. Both practitioners of statistical analysis and their audience benefit

from a model that simplifies things by omitting most variables, hopefully

leaving only a few relevant ones. The penalty function is a way of capturing

this implicit cognitive constraint. In this sense, the statistician in our model

(or his implicit audience) can be viewed as a boundedly rational decision

maker - somewhat as in Gabaix (2014), who offers a more elaborate sparsity-

based model to describe decision makers with limited ability to pay attention

to multiple variables.

Finally, the complexity cost c0 can be motivated by physical costs of

obtaining personal information from the agent. Even if many personal char-

acteristics are relevant for predicting the agent’s ideal action, it is costly

to collect them from the agent (e.g. because this requires long forms), and
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therefore it makes sense to truncate the list of variables in order to save

these implementation costs. However, while bounded rationality or physical

data collection are sound informal justifications for the relevance of complex-

ity costs, they do not amount to strict rationalizations of the statistician’s

procedure, in the absence of an explicit model for how cognitive or physical

costs are traded off against some clear ex-ante objective. We return to this

conceptual problem in the concluding section.

2.1 Solving for the Estimator

We begin this sub-section with some notation that will serve us for the rest of

the paper. Let ȳ and ε̄ denote the sample averages of the dependent variable

and the noise:

ȳ =
1

2KN

∑
x∈X

N∑
n=1

ynx ε̄ =
1

2KN

∑
x∈X

N∑
n=1

εnx

In addition, ε̄xk=1 and ε̄xk=1 denote the average noise realization in the sub-

samples for which xk = 1 and xk = 0, respectively:

ε̄xk=1 =
1

2K−1N

∑
x|xk=1

N∑
n=1

εnx ε̄xk=0 =
1

2K−1N

∑
x|xk=0

N∑
n=1

εnx

Finally, define ∆k ≡ ε̄xk=1 − ε̄xk=0.

We are now able to give a complete characterization of the solution to the

statistician’s penalized regression problem. Our convention will be that when

the statistician is indifferent between including and excluding a variable, he

includes it. This characterization makes use of an auxiliary estimator b̃k of

12



βk defined as follows:

b̃k(ε, β) =


(βk + ∆k − c1)/(1 + 2c2) if βk + ∆k ≥ c1

(βk + ∆k + c1)/(1 + 2c2) if βk + ∆k ≤ −c1

0 if −c1 < βk + ∆k < c1

Lemma 1 The solution to the statistician’s minimization problem (1) is as

follows:

bk(ε, β) =

{
b̃k(ε, β) if (b̃k(ε, β))2 ≥ 2c0

0 if (b̃k(ε, β))2 < 2c0

(3)

for every k = 1, ..., K, and

b0(ε) = ȳ − 1

2

K∑
k=1

bk(ε, β)

Thus, bk(ε, β) is only a function of βk + ∆k - i.e., it is functionally inde-

pendent of βj and ∆j for all j 6= k. (This simplicity is achieved thanks to

the assumption of a uniform sample.) Of course, this does not imply that it

is statistically independent of ∆j, j 6= k. The L2 penalty factor shrinks the

coeffi cient bk but it does not lead to variable selection - i.e., it does not affect

the statistician’s decision whether to set bk 6= 0. In contrast, the L0 penalty

term only leads to variable selection but it does not affect the value of bk
conditional on being non-zero. Finally, the L1 penalty term leads to both

shrinkage and variable selection. When c1 = c2 = 0, the characterization of

bk is very simple: bk = βk + ∆k when (βk + ∆k)
2 ≥ 2c0, and bk = 0 when

(βk + ∆k)
2 < 2c0. When c0 = 0, bk = b̃k.

2.2 Incentive Compatibility

The following are the key definitions of this paper.
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Definition 1 The estimator is incentive compatible at a given prior
belief over the true model’s parameters β = (β0, β1, ..., βK) if the agent is

weakly better off with truthful reporting of his personal characteristic, given

his prior. That is,

EβEε

[
K∑
k=0

(bk(ε, β)− βk)xk

]2

≤ EβEε

[
K∑
k=0

(bk(ε, β)rk − βkxk)
]2

for every x = (x1, ..., xK), r = (r1, ..., rK).3

In this definition, the expectation operator Eε is taken with respect to
the given exogenous distribution over the noise realization profile. The ex-

pectation operator Eβ is taken with respect to the agent’s prior belief over β.
Note that this definition does not rely on the explicit solution we provide for

the estimator, and would therefore be well-defined in extensions of the model

for which a simple closed-form solution for the estimator is unavailable.

Definition 2 The estimator is incentive compatible if it is incentive com-
patible at every prior belief. Equivalently,

Eε

[
K∑
k=0

(bk(ε, β)− βk)xk

]2

≤ Eε

[
K∑
k=0

(bk(ε, β)rk − βkxk)
]2

(4)

for every β = (β0, ..., βK) and every x = (x1, ..., xK), r = (r1, ..., rK).

Incentive compatibility means that the agent is unable to perform better

by misreporting his personal characteristic, regardless of his beliefs over the

true model’s parameters. How should we interpret this requirement, given

that we do not necessarily want to think of the agent as being sophisticated

enough to think in these terms? One interpretation is that lack of incentive

3Recall that r0 = x0 = 1 by definition.
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compatibility is merely a normative statement about the agent’s welfare -

namely, given our model of how the statistician takes actions on the agent’s

behalf, it would be advisable for him to misrepresent his personal charac-

teristics. Furthermore, there are opportunities for new firms to enter and

offer the agent paid advice for how to manipulate the procedure - in anal-

ogy to the industry of “search engine optimization”. Incentive compatibility

theoretically eliminates the need for such an industry. In the context of the

online content provision story, some misreporting strategies take the form of

“deleting cookies”. This deviation is straightforward to implement, and the

agent can check if it makes him better off in the long run.

The incentive compatibility requirement can be described as a collection

of bias-variance trade-offs between our estimator and alternative ones. Be-

cause of the form of the agent’s payoff function, his expected utility takes the

form of mean square deviation of the estimator from the true model. This

loss function is known to be decomposable into two terms, one capturing

the bias of estimator and another its variance. Comparing the predictive

success of different estimators thus boils down to trading off the estimators’

bias and variance. The incentive compatibility condition can be viewed as a

bias-variance comparison between two estimators: one is the statistician’s es-

timator, and another is an estimator that applies the statistician’s procedure

to r rather than x. The latter is not an estimation method that a statistician

is likely to propose, but it arises naturally in our setting.

3 Analysis: The Single Variable Case

We begin our analysis in the case of a single explanatory variable - i.e. K = 1.

Although there is something ironic about single-variable analysis of machine

learning methods, we follow here the tradition of microeconomic theory and

start with the simplest version of our model. Indeed, key aspects of the

incentive-compatibility problem will be manifest even in this simple case.
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Furthermore, a few results in this section will also be relevant in the multi-

variable case. Note that in the single-variable case, the linear form of f is

without loss of generality because x1 is a binary variable. Throughout this

section, we abuse notation and remove the subscripts from x1 and ∆1, and

use εn0 and ε
n
1 as a shorthand for ε

n
x1=0 and ε

n
x1=1.

3.1 Two Benchmarks

There are two factors that jointly give rise to an incentive compatibility

problem: sample noise and variable selection. In this sub-section we establish

that neither factor generates an incentive problem on its own in the single-

variable case.

First, suppose that the statistician makes perfectly precise measurements

- that is, εnx = 0 by definition for every x, n. In this case, it is easy to see that

if c0 = c1 = c2 = 0, the statistician’s objective function coincides with the

agent’s payoff for any given β. However, the introduction of complexity cost

creates a de-facto conflict of interests between the two parties, because the

statistician ends up choosing an action that maximizes a different determinis-

tic payoff function than the agent’s. Nevertheless, the following simple result

establishes that this by itself does not give the agent a reason to misreport

his personal characteristic.

Claim 1 Suppose that εnx = 0 with probability one for every x, n. Then, the

estimator is incentive compatible.

Proof. The agent can perfectly predict b0, b1 as a function of β0, β1. Suppose

that β1 is such that b1 = 0. Then, the agent’s report has no effect on the

statistician’s action, and the incentive-compatibility condition holds trivially.

Now suppose that β1 is such that b1 > 0. Given the characterization of b1,

it must be the case that β1 − c1 ≥ 0. The statistician’s action as a function
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of the agent’s report is b0 if r = 0, and b0 + b1 if r = 1, where

b0 = β0 +
1

2
β1 −

1

2
b1 = β0 +

1

2
β1 −

1

2
(β1 − c1)/(1 + 2c2)

b0 + b1 = β0 +
1

2
β1 −

1

2
b1 + b1 = β0 +

1

2
β1 +

1

2
(β1 − c1)/(1 + 2c2)

When x = 0, the agent’s ideal action is β0. Because β1 − c1 ≥ 0, the action

b0 is closer to the ideal point than the action b0 + b1. Therefore, truthful

reporting is optimal for the agent. Likewise, when x = 1, the agent’s ideal

action is β0 + β1. Because β1 − c1 ≥ 0, the action b0 + b1 is closer to the

ideal point than the action b0. Therefore, truthful reporting is optimal for

the agent.

A similar calculation establishes incentive compatibility when b1 < 0.

Suppose next that the statistician faces sample noise and employs stan-

dard OLS. The next result shows that incentive compatibility holds in this

case. Although it is a special case of a result we will prove in Section 4.2,

we present the proof because it sheds light on the incentive-compatibility

problem in the single-variable case.

Claim 2 If c0 = c1 = c2 = 0, then the estimator is incentive-compatible.

Proof. When c0 = c1 = c2 = 0, we have b1 = β1 + ε̄1 − ε̄0. Suppose x = 1

and the agent contemplates whether to report r = 0. In this case inequality

(4) can be simplified into

Eε[(b1(ε, β))2 + 2b1(ε, β) · (b0(ε, β)− β0 − β1)] ≤ 0

Plugging in the expressions for b0(ε, β) and b1(ε, β) given by (3), this inequal-

ity reduces to

Eε̄0,ε̄1 [−(β1)2 + 2β1ε̄0 + (ε̄1)2 − (ε̄0)2] ≤ 0 (5)
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From our assumption that εnx is i.i.d with mean zero for each n and x, it

follows that ε̄1 and ε̄0 are i.i.d with mean zero. Hence, inequality (5) holds

for all β1. An analogous argument shows that an agent with x = 0 will not

benefit from reporting r(x) = 1. Therefore, the OLS estimator is incentive-

compatible.

The result that the OLS estimator is incentive-compatible is not obvious

a-priori. The reason is that unless the agent’s prior over β1 is diffuse, the

OLS estimator generally does not produce actions that maximize his subjec-

tive expected utility. This creates a de-facto conflict of interests between the

two parties. Yet, this conflict does not give the agent a suffi cient incentive

to misreport. One might think that the unbiasedness of the OLS estimator

explains this result. However, this intuition is misleading because Claim 2

crucially relies on the uniform sample - i.e., the assumption that the statis-

tician draws the same number of observations from x = 0 and from x = 1

(even if their proportions in the population are uneven). To see why, suppose

that the statistician obtains Nx observations for each x = 0, 1.

Claim 3 Suppose c0 = c1 = c2 = 0 and N0 6= N1. Then, the estimator is

not incentive-compatible.

Proof. It is easy to verify that the expressions for b0, b1 are the same as

in the uniform-sample case. Therefore, the condition for the unprofitability

of deviating from x = 1 to r = 0 remains (5). Suppose N0 > N1. Then,

E(ε̄1)2 > E(ε̄0)2, and the condition fails when β1 is suffi ciently close to zero.

Likewise, it can be shown that when N0 < N1, an agent with x = 0 will prefer

to report r = 1 when β1 is small.

Thus, heteroskedasticity (in the sense that ε̄1 and ε̄0 have different vari-

ance) creates an incentive problem under OLS estimation. This is due to

the bias-variance trade-off that characterizes the agent’s reporting decision.

If β1 is small, the bias due to misreporting is relatively small, and may be
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overweighed by the reduced variance due to the larger sample taken for the

value of x that the agent reports. It follows that uniform samples are nec-

essary for incentive compatibility under OLS, because they are equivalent

to homoskedasticity. Partly for this reason, we insist on uniform samples

throughout the paper (the other reason is tractability in the multi-variable

case).

3.2 The Variable Selection Curse

We now turn to the case of noisy measurement and non-zero complexity

costs. The following examples illustrate that incentive compatibility can fail

in this case. For expositional simplicity, we consider only the L0 penalty

(i.e., c0 > 0 = c1 = c2) and let N = 1 (hence, we suppress the observation

superscripts of x and y and and ε).

Example 1: Bernoulli noise
Suppose the noise follows a Bernoulli probability distribution that assigns

probability p > 0.5 to −1 and probability 1−p to d = p/(1−p) > 1. Consider

an agent with x = 1. If this agent reports r = 0, this misrepresentation

violates incentive compatibility if there is some β1 for which

Eε [b0(ε, β) + b1(ε, β)− β0 − β1]2 > Eε [b0(ε, β)− β0 − β1]2

Because the agent’s misrepresentation matters only in the “pivotal event”in

which b1(ε) 6= 0, this inequality can be rewritten as

Eε0,ε1 [−(β1)2 + 2β1ε
0
1 + (ε1)2 − (ε0)2 | (β1 + ε1 − ε1)2 ≥ 2c0] > 0 (6)

For every β1 > 0 we can find a range of values for c0 such that (β1+ε1−ε0)2 ≥
2c0 only when ε1 = d and ε0 = −1. In this case (6) is reduced to β1 < d− 1.
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Therefore, every pair of positive numbers (β1, c0) that satisfies the inequalities

−(d+ 1) <
√

2c0 − β1 < d+ 1

β1 < d− 1

will violate incentive compatibility.

The intuition for this violation of incentive compatibility is as follows.

An agent with x = 1 focuses only on the pivotal event in which his report

matters - i.e. {ε | b1(ε, β) 6= 0}. This event is largely determined by the
difference in noise realizations, ε1 − ε0. For a range of values of β1 and c0,

ε1
1 − ε0

1 = d + 1 with probability one conditional on the pivotal event. This

produces such a biased estimate of b1 that the agent prefers to shut down

the pivotal event, by pretending to be x = 0. �

Example 1 illustrates a feature we refer to as the “variable selection

curse”, in the spirit of the “winner’s curse”and “swing voter’s curse”. Like

these very familiar phenomena, the variable selection curse involves statisti-

cal inferences from a “pivotal event”. Here, the pivotal event is the inclusion

of a variable in the regression. The agent’s decision whether to misreport his

personal characteristic is relevant only if the statistician chooses to include

the variable in his regression. Misreporting will change the statistician’s ac-

tion by b1(ε, β)(r−x). Therefore, the agent only cares about the distribution

of b1(ε, β) conditional on the event {ε | b1(ε, β) 6= 0}. This distribution can
be so skewed that the agent will prefer to introduce a bias in the opposite

direction by misreporting.

The following example shows that the variable selection curse can occur

for more realistic noise realizations.

Example 2: Exponential noise
Suppose the observations on x ∈ {0, 1} take the form yx = β0 + β1x1 + ηx,

where η0 and η1 are drawn i.i.d from the exponential distribution with decay

parameter 1. One story behind this specification is that f(x) = β0 + β1x is
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the ideal dosage of some medication when the agent is treated immediately

after a medical incident (e.g., stroke). The personal characteristic x is a

medical indicator that may be relevant for the ideal dosage. However, the

statistician’s sample consists of observations in which medical treatment was

delayed. Delay dampens the effect of a given dose, and therefore leads to

an exaggerated measurement of the required dosage. The amount of delay

in any given observation is unknown, but it is known to be exponentially

distributed.

Note that the expectation of η is 1. Define ε = η−1 and β′0 = β0 +1, such

that the above specification can be rewritten as yx = β′0 +β1x1 + εx, in order

to be consistent with our model. The incentive-compatibility inequality for

an agent with x = 1 reduces to∫
ε0

∫
ε1|(β1+ε1−ε0)2≥2c0

e−(ε0+1)e−(ε1+1)[−(β1)2 +2β1ε0 +(ε1)2−(ε0)2]dε0dε1 ≤ 0

This double integral can be computed analytically, but the solution does not

seem to be elegant. It can be evaluated numerically for various values of

β1, c0 and shown that the inequality can be violated - for instance, when

c0 = 2 and β1 = 0.25, 0.5, 0.75, 1.

The intuition is similar to that of Example 1. When the noise distribution

has a long tail on one side and a short tail on the other, a high complexity

cost c0 implies that the pivotal event in which the explanatory variable is

included in the regression consists of far-out tail realizations of ε1. As a

result, the estimate of β1 is heavily biased, such that if the true value of β1

is not too big, the agent is better off misreporting. �

3.2.1 Does the Curse Vanish as N →∞?

So far, our analysis was conducted for a given sample size N. A natural

question is whether the incentive-compatibility problem we identified dis-

appears as N grows large. To explore this question, return to Example 1,
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where we saw that when N = 1, there exists a set of parameters (β1, c0) for

which incentive compatibility fails. We now ask whether this set vanishes as

N → ∞. We continue to assume c1 = c2 = 0 and restrict attention to the

case of β1 > 0 - both entail no loss of generality. We address the constancy

of c0 at the end of this sub-section.

Recall that for every x = 0, 1 and every observation n = 1, ..., N , εnx is

drawn from the Bernoulli distribution that assigns probability p to −1 and

probability 1 − p to d = p/(1 − p). Let ε̄x(N) denote the average noise

realization over all the N observations for x ∈ {0, 1}.
Recall that the pivotal event {ε | b1(ε, β) 6= 0} can be rewritten as

{
ε | ε̄1(N)− ε̄0(N) /∈

(
−
√

2c0 − β1,
√

2c0 − β1

)}
(7)

Our goal is find the set of parameters (β1, c0) for which incentive compati-

bility is violated in the N →∞ limit.

We begin by finding the limit distribution over (ε̄0(N), ε̄1(N)), conditional

on the event (7). Since limN→∞ ε̄1(N) = limN→∞ ε̄0(N) = 0, the pivotal

event occurs with zero probability in the N →∞ limit. Therefore, we need

tools from Large Deviation Theory (Ch. 11 in Cover and Thomas (2006)) in

order to characterize the conditional limit distribution. To make use of these

tools, some preliminary notation is in order. First, combine the two samples

(ε1
0, ..., ε

N
0 ) and (ε1

1, ..., ε
N
1 ) into one composite sample (η1, ...., ηN), such that

for every n, ηn = (εn1 , ε
n
0 ). Thus, ηn is drawn i.i.d according to the following

distribution π:

π−1,−1 = Pr(−1,−1) = p2

π−1,d = Pr(−1, d) = p(1− p) = Pr(d,−1) = πd,−1

πd,d = Pr(d, d) = (1− p)2

That is, the two components of the composite sample are statistically in-

dependent. Second, denote by si,j the empirical frequency of the realiza-
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tion (i, j) in this composite sample. For instance, s−1,d = 1
N

∑N
n=1 1(ηn =

(−1, d)). Then,

ε̄1(N) = (sd,−1 + sd,d) · d+ (s−1,d + s−1,−1) · (−1)

ε̄0(N) = (s−1,d + sd,d) · d+ (sd,−1 + s−1,−1) · (−1)

The pivotal event can thus be redefined in terms of a subset of empirical

frequencies s = (s−1,−1, s−1,d, sd,−1, sd,d):

RN =

{
sN | (sd,−1 − s−1,d) /∈

(
−
√

2c0 − β1

d+ 1
,

√
2c0 − β1

d+ 1

)}
For any empirical distribution s, let D(s||π) the relative entropy of s with

respect to π:

D(s||π) =
∑

i,j∈{−1,d}

si,j ln

(
si,j
πi,j

)
(8)

Lemma 2 In the N → ∞ limit, the distribution over sN conditional on

sN ∈ RN assigns probability one to the unique s that minimizes D(s||π)

subject to the constraint

sd,−1 − s−1,d =

√
2c0 − β1

d+ 1

The proof relies on basic tools from Large Deviation Theory. By plugging

the values of ε̄1 and ε̄0 that solve the constrained minimization problem

given by Lemma 2 into the inequality that represents a violation of incentive

compatibility (inequality (6)), we obtain the following characterization.

Proposition 1 The set of parameters β1 > 0 and c0, d for which incentive

compatibility is violated in the N →∞ limit is given by

β1 <
c0√

2c0 + 2d
d−1

(9)
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Thus, the incentive compatibility problem of Example 1 does not vanish

when the sample is large. (On the other hand, a large sample does not make

the problem worse: It can also be shown that if incentive compatibility holds

for N = 1, it must also hold in the N → ∞ limit.) Moreover, because

d > 1, the R.H.S of (9) increases with d and c0. That is, the more skewed

the underlying noise distribution and the larger the complexity cost, the

larger the set of prior beliefs for which incentive compatibility is violated

in the N → ∞ limit. When d → 1 - i.e., when the noise distribution

approaches symmetry - the R.H.S of (9) converges to zero, such that incentive

compatibility is violated in a large sample only for arbitrarily small β1. That

is, the incentive compatibility problem disappears when the noise becomes

symmetric. The next sub-section explores this theme.

The reason that large samples do not fix the incentive compatibility prob-

lem is that the agent’s reasoning hinges on the pivotal event in which the

variable is included. Therefore, even if the estimator is asymptotically well-

behaved in the traditional statistician’s sense, the relevant question for in-

centive compatibility is whether it is well-behaved conditional on the pivotal

event. This event becomes very unlikely in a large sample for a large range

of values of β1 and c0. Therefore, the relevant toolkit is Large Deviation

Theory rather than standard asymptotic analysis. And as it turns out, when

the noise distribution is skewed, the average sample noises ε̄0 and ε̄1 do not

vanish conditional on the pivotal event.

One might argue that the analysis in this subsection is of limited rele-

vance, for two reasons. First, in the problematic case of β1 <
√

2c0, the

probability of the pivotal event vanishes in the N →∞ limit, and therefore

the stakes of the agent’s decision become negligible. Indeed, a similar criti-

cism applies to models of strategic voting in large elections that likewise rely

on pivotal reasoning. A counter-argument in the present context is that even

if the incentive to misreport may be small in any individual problem, it can
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add up across problems, such that the heuristic of misreporting (“deleting

cookies”) reaps a sizeable total gain. Second, in practice the value of the

complexity cost is adjusted to the sample size, such that c0 → 0 as N →∞.
However, the question is whether the rate by which c0 decreases with N is

fast enough to outweigh the variable selection curse. In order to answer this

question, one needs to characterize the condition for incentive compatibility

for arbitrary values of c0 and N , away from the N → ∞ limit. This is an

open question that we leave for future work.

3.3 Symmetric Noise

A common feature of Examples 1 and 2 was the asymmetry of the noise dis-

tribution. The following result shows that this is not an accident: symmetric

noise ensures incentive compatibility of the statistician’s procedure. For con-

venience, we consider the case in which the distribution of εnx is described by

a well-defined density function.

Proposition 2 If εnx is symmetrically distributed around zero, then the es-
timator is incentive-compatible.

Proof. Consider the deviation from x = 1 to r = 0. This deviation matters

only if b1(ε, β) 6= 0. Conditional on this event, incentive compatibility requires

the following inequality to hold for all β0, β1:

Eε0,ε1 [(b1(ε, β))2 + 2b1(ε, β)(b0(ε, β)− β0 − β1) | b1(ε, β) 6= 0] ≤ 0

By plugging in the expression for b0(ε) given by (3), this inequality reduces

to

Eε0,ε1 [b1(ε, β)(−β1 + ε̄0 + ε̄1) | b1(ε, β) 6= 0] ≤ 0

for all β1.

Fix b1(ε, β) at some value b∗1 6= 0. Define E(b∗) = {(ε̄0, ε̄1) : b1(ε, β) = b∗}.
Suppose E(b∗) is non-empty. Then, (u, v) ∈ E(b∗) implies that (−v,−u) ∈
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E(b∗). This follows immediately from the fact that b1(ε, β) is linear in ε̄1− ε̄0.

Because εn0 and ε
n
1 are i.i.d and symmetrically distributed around zero, the

sample averages (u, v) and (−v,−u) have the same probability. This implies

that for any given b∗1 6= 0,

Eε0,ε1 [b1(ε, β)(ε̄0 + ε̄1)|b1(ε, β) = b∗1] = 0

Therefore, showing that the deviation from x = 1 to r = 0 is unprofitable

reduces to showing that

β1Eε0,ε1 [b1(ε, β) | b1(ε, β) 6= 0] ≥ 0

which simplifies further to

β1Eε0,ε1(b1(ε, β)) ≥ 0

Suppose without loss of generality that β1 > 0. We will show that

Eε0,ε1(b1(ε, β)) ≥ 0. Let G and g denote the cdf and density of ∆ that

are induced by the distribution of εnx. Since ε
n
x is symmetrically distributed

around zero, so is ∆. This is easily seen by noticing that by the symme-

try of εnx, Pr[(εn0 , ε
n
1 ) = (u, v)] = Pr[(εn0 , ε

n
1 ) = (−u,−v)], which implies that

Pr(∆ = u− v) = Pr(∆ = v − u). We need to show that∫ −c1−β1
−∞

(β1 + ∆ + c1)g(∆) +

∫ ∞
c1−β1

(β1 + ∆− c1)g(∆) ≥ 0

Denote t = β1 + c1, s = β1 − c1, and observe that t + s > 0 and t − s > 0.

By the symmetry of g, the inequality we need to show becomes

=

∫ −t
−∞

(t+ ∆)g(∆) +

∫ ∞
−s

(s+ ∆)g(∆) = tG(−t) + sG(s) +

∫ t

s

∆g(∆) ≥ 0
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Applying integration by parts and using the symmetry of g yields

tG(−t) = −
∫ −t
−∞

∆g(∆)−
∫ −t
−∞

G(∆) =

∫ ∞
t

∆g(∆)−
∫ −t
−∞

G(∆)

sG(s) =

∫ s

−∞
∆g(∆) +

∫ s

−∞
G(∆)

It follows that

tG(−t) + sG(s) +

∫ t

s

∆g(∆) =

∫ ∞
−∞

∆g(∆) +

∫ s

−∞
G(∆)−

∫ −t
−∞

G(∆)

Note that
∫∞
−∞∆g(∆) = Eε0,ε1(ε̄1 − ε̄0) = 0. Hence, the inequality we need

to prove reduces to ∫ s

−∞
G(∆)−

∫ −t
−∞

G(∆) ≥ 0

which holds because s > −t.
An analogous argument shows that deviation from x = 0 to r = 1 is

unprofitable.

Thus, under symmetric noise, the statistician’s procedure does not gener-

ate an incentive compatibility problem. The reason is that symmetric noise

imposes a limit on the extent of the variable selection curse.

4 The Multi-Variable Case

In this section we turn to analyzing the estimator’s incentive compatibility

when K > 1. We begin with some convenient notation. First, represent

a deviation from truth-telling by the subset M = {k = 1, ..., K | rk 6=
xk}. That is, M is the set of variables that the agent’s reporting strategy

misrepresents. Second, denote

wk = 1− 2xk
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This is merely a rescaling of xk such that it gets the values −1 and 1.

The following is an alternative formulation of the inequality that underlies

the definition of incentive compatibility. Although it lacks a transparent

interpretation, it will be useful in the sequel.

Lemma 3 The deviation M is unprofitable for given β, x if and only if

Eε

[(∑
k∈M

bk(ε, β)wk

)(
2ε̄+

K∑
k=1

βkwk −
∑
k/∈M

bk(ε, β)wk

)]
≥ 0 (10)

The next lemma will be important for the analysis in this section.

Lemma 4 For every distinct k, j ∈ {1, ..., K}, E(∆k∆j) = 0.

Thus, the random variables ∆k and ∆j are uncorrelated, for any distinct

k, j.

4.1 Benchmark I: Precise Measurement

As in the single-variable model, one basic benchmark is when the true coeffi -

cients are measured with full precision. Thus, suppose that εnx = 0 with prob-

ability one for every n, x. Consider the L0 estimator - i.e., c0 > 0 = c1 = c2.

Then, for every k, bk = βk if (βk)
2 ≥ 2c0, and bk = 0 otherwise. The subset

of selected variables is given by V = {k = 1, ..., K | (βk)
2 ≥ 2c0}. The

inequality (10) can be written as( ∑
k∈V ∩M

βkwk

)( ∑
k/∈V−M

βkwk

)
≥ 0 (11)
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When K = 1, this is reduced to 0 ≥ 0 or β2
1 ≥ 0, which obviously holds.

The condition is also satisfied whenK = 2, for the following reason. Without

loss of generality, let x = (0, 0) and consider the possible configurations of V

and M . First, suppose that V = M = {1, 2}. Then, the inequality becomes
(β1 + β2)2 ≥ 0. Second, suppose that V = {1, 2} and M = {1}. Then, the
inequality becomes (β1)2 ≥ 0. Third, suppose that V = M = {1}. Then, the
condition becomes β1(β1 + β2) ≥ 0. This inequality must hold because by

the definition of V , |β1| ≥
√

2c0 ≥ |β2|, such that sign(β1 + β2) = sign(β1).

The cases of V = {1, 2},M = {2} and V = M = {2} are essentially the
same. Finally, if V ∩M is empty, the condition becomes 0 ≥ 0.

However, incentive compatibility can fail when K > 2. To see why,

suppose thatK = 3, and let β1 =
√

2c0+δ, β2 = β3 = −
√

2c0+δ, where δ > 0

is arbitrarily small. Then, V = {1}. Suppose that the agent’s characteristics
are x = (0, 0, 0), and that he deviates to the report r = (1, 0, 0) - i.e.,

M = {1}. Then, V ∩M = {1} and V −M = ∅. The condition becomes

β1 · (β1 + β2 + β3) ≥ 0

This inequality fails because β1 +β2 +β3 = −
√

2c0 +3δ < 0, whereas β1 > 0.

Thus, unlike the single-variable case, precise measurement of coeffi cients

does not eliminate the incentive problem due to variable selection. The reason

is as follows. When there are multiple variables, omitting some of them

because their coeffi cients are too close to zero leads to a biased action. The

bias from the omission of any single variable is small (because by definition,

their true coeffi cients are small to begin with). However, omitting several

variables can generate a large cumulative bias, such that the agent may find

it profitable to counter this bias by misreporting the value of one of the

variables that are selected.

This example demonstrates that variable selection generates a new in-

centive problem in the multi-variable case. It is different from the variable

selection curse identified in Section 3, because it can exist even in the absence
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of sampling error. In particular, it does not arise from pivotal thinking. The

reason the agent may want to misreport x1 in the example is that b2 = b3 = 0

- i.e., precisely the event that is irrelevant for the variable selection curse.

Instead, the motive behind the deviation is an externality between variables:

the bias due to misreporting one component counters the cumulative bias

due to omitting the other variables.

4.2 Benchmark II: OLS

Now consider the model with non-degenerate noise, but without variable

selection - i.e., c0 = c1 = c2 = 0. This produces the OLS estimator bk =

βk + ∆k for every k = 1, ..., K.

Proposition 3 The OLS estimator is incentive-compatible.

Thus, OLS estimation does not generate an incentive problem. Note that

the result does not rely on any property of the sample noise distribution

beyond the assumption of zero mean. However, as mentioned in Section 3.1,

it does depend on the property that ε̄xk=1 and ε̄xk=0 are i.i.d, which in turn

relies on the uniform-sample assumption. It should be emphasized that the

OLS estimator does not induce the Bayesian-optimal action given the agent’s

prior. Nevertheless, this de-facto conflict of interests does not give the agent

an incentive to misreport his personal characteristics.

It is easy to verify that this conclusion extends to the case of Ridge

regression - i.e., c2 > 0 = c0 = c1. Thus, variable selection is crucial for the

incentive to misreport.

4.3 Incentive Compatibility under Normal Noise

Let us now turn to the case of noisy measurement where either c0 > 0

or c1 > 0 or both, such that the statistician’s procedure involves variable
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selection. We already saw in Section 3 that there is an important distinction

between symmetric and asymmetric noise. In this sub-section, we strengthen

the specification of the noise distribution and assume that it is normal with

mean zero and variance σ2. Therefore,

∆k ∼ N(0,
σ2

2K−2N
)

The known property that ∆k and ∆j are uncorrelated now implies the fol-

lowing important lemma.

Lemma 5 For any k 6= j, ∆k and ∆j are statistically independent.

The normality assumption - specifically, the property that the noise den-

sity is a well-defined, decreasing function of the distance from zero - also

enables a useful characterization of the ex-ante expectation of estimated co-

effi cients. Recall that the formula for bk(ε) is purely a function of βk + ∆k,

and that the distribution of ∆k is the same for all k. Therefore, we can write

the ex-ante expectation of bk(ε) as a deterministic function of βk:

e(βk) = Eε(bk(ε, β))

Lemma 6 If for every x and n, εnx is i.i.d according to a normal distribution,
then the function e is: (i) anti-symmetric; (ii) strictly increasing, and (iii)

shrinking βk toward zero - i.e., 0 < |e(βk)| < |βk| whenever βk 6= 0.

We are now able to refine condition (10) for the unprofitability of a given

deviation.

Proposition 4 A deviation M is unprofitable for given β, x if and only if(∑
k∈M

e(βk)wk

) K∑
k=1

βkwk −
∑
j /∈M

e(βj)wj

 ≥ 0 (12)
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This condition is a considerable simplification of (10), because it is stated

entirely in terms of the expected coeffi cients of individual variables according

to the agent’s prior. This simplification is attained thanks to the assumption

of normally distributed noise, which makes the distribution over estimated

coeffi cients of individual variables not only functionally but also statistically

independent.

The following result is a simple consequence of Proposition 4.

Proposition 5 The estimator is not incentive-compatible for any K > 1.

Proof. Suppose that the agent’s prior is degenerate, with βk = 0 for all

k > 2. Then, e(βk) = 0 for all k > 2. Consider a deviation M = {1}. The
condition for its unprofitability is

(e(β1)w1) (β1w1 + β2w2 − e(β2)w2) ≥ 0

Select β1 and β2 such that sign(β1w1) = −sign(β2w2). Since sign(e(β1)) =

sign(β1) and sign(e(β2)−β2) = −sign(β2), we obtain that if and |β1| is suf-
ficiently small relative to |β2|, the inequality will be violated.

Unlike the precise-measurement case, noisy measurement means that the

estimator fails incentive compatibility even when K = 2. This failure occurs

despite our restriction to a normal (and therefore symmetric) noise distrib-

ution. This restriction ensured incentive compatibility in the K = 1 case.

However, in the K = 1 case, the only possible motive to misreport was

the variable selection curse, the extent of which was limited by symmetric

noise. In contrast, theK > 1 case introduces the externality across variables,

which does not rely on pivotal-event arguments and therefore survives the

restriction to normal noise distributions.

In the remainder of this section, we characterize incentive compatibility

for three specific families of priors.
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An ultra-sparse prior

To see the relation between Proposition 4 and the condition for incentive-

compatibility in the single-variable cases, suppose that the agent believes that

only one variable is relevant, say β1 > 0, whereas βk = 0 for all k > 1. Then,

e(βk) = 0 for all k > 1. If 1 /∈M , the condition for the unprofitability of the
deviation M trivially becomes 0 ≥ 0. If 1 ∈ M , the condition is reduced to
e(β1)β1 ≥ 0 - as in the single-variable case analyzed in Section 3. And since

the normal noise distribution is symmetric, we know from Section 3.3 that

this inequality holds. This observation implies the following corollary.

Corollary 1 The estimator is incentive-compatible at any prior over (β1, ..., βK)

that only assigns positive probability to profiles in which at most one coeffi -

cient is non-zero.

Independent, symmetric priors

Suppose that the agent’s prior over (β1, ..., βK) is independent across compo-

nents, such that for each k = 1, ..., K, the prior over βk is symmetric around

zero. This reflects the agent’s agnosticism regarding the sign of the effect

of each variable. We do not require the priors to be identical. Also, the

agent’s belief over β0 is irrelevant. Given such a prior, the agent will report

truthfully if the L.H.S of (12) is non-negative in expectation (with respect to

the agent’s prior) for every deviation M .

Proposition 6 Suppose that the agent’s prior over βk for each k is indepen-
dent and symmetric around zero. Then, the estimator is incentive-compatible

at this prior.

i.i.d priors

Now suppose that the agent’s prior over βk is i.i.d for each k. Let β
∗ denote

the expectation of βk. Accordingly, e
∗ is the expected estimated coeffi cient

of each variable.
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In this special case incentive compatibility has a very simple structure

because the most profitable deviation can be pinned down. The following

notation is useful for our next result. For any x ∈ X, define m(x) as the

number of components k = 1, ..., K for which xk = 1. Define the subset

M∗ ⊆ {1, ..., K} as follows:

M∗ =

{
{k | xk = 1} if m(x) ≤ K

2

{k | xk = 0} if m(x) > K
2

That is,M∗ is the smaller between the set of characteristics that get the value

1 and the set of characteristics that get the value 0. Denote m∗ = |M∗|.

Proposition 7 Suppose that the agent’s prior over βk for each k is i.i.d.
Then, the following three statements are equivalent:

(i) The estimator is incentive-compatible at the agent’s prior.

(ii) M∗ is not a profitable deviation.

(iii) The following inequality holds:

E(e(β)β) + (e∗)2(K −m∗) + e∗β∗[(m∗ − 1)− (K −m∗)] ≥ 0

Suppose that there is an equal number of 1’s and 0’s in x - i.e., m∗ = K
2
.

Plugging this value into the condition for incentive compatibility, we obtain

the following corollary.

Corollary 2 Suppose that the agent’s prior over βk for each k is i.i.d. When
m(x) = K

2
, truth-telling is optimal.

Thus, the characteristics vectors that are most conducive to deviation

from truth-telling are those that are very skewed - i.e., the number of 1’s is

either very small or very large. When the vector is perfectly balanced (with
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the same number of 0’s and 1’s), truth-telling is optimal. The result also im-

plies that the x that is most conducive to violation of incentive compatibility

has m = 1, such that the condition for profitable deviation becomes

E(e(β)β)− e∗(β∗ − e∗)(K − 1) < 0

It follows that if K is small enough, the estimator is incentive-compatible,

but when K is large enough, there will be values of x for which the agent

will deviate from truth-telling.

Comment: “Deleting cookies”

Suppose that the set of feasible deviations is restricted, such that the agent

can only deviate downward - i.e. if rk 6= xk then xk = 1 and rk = 0. One

interpretation is that every variable indicates whether a particular “cookie”

is installed on the agent’s computer; the agent can delete cookies but he

cannot manufacture a “fake cookie”. Suppose that the agent’s prior over βk
is i.i.d across k. Our previous characterization is the same, except that M∗

is now forced to be {k | xk = 1}, such that truthful reporting is profitable if
only if

E(e(β)β) + e∗β∗(m(x)− 1)− e∗(β∗ − e∗)(K −m(x)) < 0

Thus, the values of x that are conducive to misreporting by deleting cookies

are those in which m(x) is small - i.e., when the number of cookies is small

(and in particular, strictly lower than K
2
). Note that in this special case,

checking whether truthful reporting is optimal for the agent is simple - it

suffi ces to compare it with the deviation of deleting all the cookies.

5 Concluding Remarks

Interactions between humans and machines that follow statistical procedures

are becoming ubiquitous, giving rise to interesting questions for economists.
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The question we tackled in this paper was whether the human decision maker

should act cooperatively toward the machine, when the machine employs a

non-Bayesian statistical procedure that is considered good at predicting the

agent’s ideal action. We demonstrated that the variable-selection element of

this procedure creates non-trivial incentive issues.

Our exercise exposed a methodological challenge. The standard economic

model of interactive decision making is based on the Bayesian, common-

prior paradigm. However, the actual behavior of machine decision makers is

often hard to reconcile with this paradigm. In this paper, we addressed this

challenge by examining the agent’s response to a fixed statistical procedure.

In particular, we took the penalty parameters c0, c1, c2 as given. In practice,

these parameters are selected by the statistician via some preliminary process

that makes use of part of the available data. In future work, we hope to

incorporate a stylized version of this process into an extended version of our

model. It may well be that when the complexity cost is endogenized in this

manner, the incentive problem we identified in this paper is attenuated.

In a similar vein, a natural question that arises from our analysis is how

incentive compatibility may affect the choice between prediction methods

that involve variable selection. For instance, consider the following basic

sample-splitting method. The statistician divides the sample into two uni-

form subsamples (i.e., in each subsample, there is an equal number of obser-

vations for each value of x) and performs a two-stage procedure. In the first

stage, he applies L0 penalized regression to the first subsample. In the sec-

ond stage, he runs an OLS regression on the second subsample, using only

the variables that ended up having non-zero coeffi cients in the first stage.

The statistician’s action follows the second-stage OLS estimates. Because

the second subsample is uniform, Proposition 3 implies that this procedure

is incentive-compatible. Thus, the variable-selection aspect of the sample-

splitting procedure addresses the over-fitting problem and therefore improves

predictive success, while the separation between the data that serve variable
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selection and estimation ensures incentive-compatibility. The disadvantage

of this procedure is that the prediction is effectively based on a smaller sample

(whereas the penalized regression procedure we studied in this paper makes

use of all available data) which increases the variance of the estimator and

therefore harms predictive success.

This observation raises an interesting dilemma. On one hand, penalized

regression may fail incentive compatibility but it bases predictions on the

entire available data. On the other hand, the sample-splitting procedure

ensures incentive compatibility but it bases predictions on a subset of the

data. How can we compare the two procedures? Given that neither of

these procedures have a strict Bayesian rationalization, it is not clear how

to capture this dilemma with a well-defined ex-ante optimization problem.

Modeling the problem of incorporating incentive compatibility as a criterion

for selecting prediction methods is therefore conceptually challenging.4

The running theme in this discussion is that modeling strategic interac-

tions that involve machine learning requires us to depart from the conven-

tional Bayesian framework, toward an approach that admits decision makers

who act as non-Bayesian statisticians. Such approaches are familiar to us

from the bounded rationality literature (e.g., Osborne and Rubinstein (1998),

Spiegler (2006), Cherry and Salant (2016)). Further study of human-machine

interactions is thus likely to generate new ideas for modeling interactions that

involve boundedly rational human decision makers.

4In Spiess (2018), the unbiasedness of a richer class of sample-splitting procedures plays
a key role in addressing the incentive issue he focuses on, namely the ulterior motives
that may lie behind the statistician’s variable selection. Focusing on the implications of
variable selection for the traditional statistical-inference problem, Dwort et al. (2015)
and Wager and Athey (2017) examine more sophisticated sample-splitting procedures
that enable the statistician to make use of all the data for prediction while preserving
conventional statistical desiderata. Whether these methods are incentive-compatible is an
open question.

37



References

[1] Banerjee, A., S. Chassang, S. Montero and E. Snowberg (2017), A The-

ory of Experimenters, NBER working paper no. 23867.

[2] Chassang, S., P. Miquel and E. Snowberg (2012), Selective trials:

A Principal-Agent Approach to Randomized Controlled Experiments.

American Economic Review 102, 1279-1309.

[3] Cherry, J. and Y. Salant (2006), Statistical Inference in Games, mimeo.

[4] Cover, T. and J. Thomas (2006), Elements of Information Theory, sec-

ond edition, Wiley.

[5] Cummings, R., S. Ioannidis and K. Ligett (2015), Truthful Linear Re-

gression, Conference on Learning Theory, 448-483.

[6] Dwork, C., V. Feldman, M. Hardt, T. Pitassi, O. Reingold and A. Roth

(2015), The Reusable Holdout: Preserving Validity in Adaptive Data

Analysis", Science 349, 636-638.

[7] Feddersen, T. and W. Pesendorfer (1996), The Swing Voter’s Curse,

American Economic Review 86, 408-424.

[8] Gabaix, X. (2014), A Sparsity-Based Model of Bounded Rationality,

Quarterly Journal of Economics 129, 1661-1710.

[9] Gao, C., van der Vaart, A. and H. Zhou (2015), A General Framework

for Bayes Structured Linear Models, arXiv preprint arXiv:1506.02174.

[10] Hastie, T., R. Tibshirani andM.Wainwright (2015), Statistical Learning

with Sparsity: the LASSO and Generalizations, CRC press.

[11] Milgrom, P. and R. Weber (1982), A Theory of Auctions and Competi-

tive Bidding, Econometrica, 1089-1122.

38



[12] Osborne, M. and A. Rubinstein (1998), Games with Procedurally Ra-

tional Players, American Economic Review 88, 834-847.

[13] Park, T. and G. Casella (2008), The Bayesian Lasso, Journal of the

American Statistical Association 103, 681-686.

[14] Spiegler, R. (2006), The Market for Quacks, Review of Economic Studies

73, 1113-1131.

[15] Spiess, J. (2018), Optimal Estimation when Researcher and Social Pref-

erences are Misaligned, mimeo.

[16] Tibshirani, R. (1996), Regression Shrinkage and Selection via the Lasso,

Journal of the Royal Statistical Society, Series B (Methodological), 267-

288.

[17] Wager, S. and S. Athey (2017), Estimation and Inference of Heteroge-

neous Treatment Effects Using Random Forests, Journal of the Ameri-

can Statistical Association, forthcoming.

Appendix: Omitted Proofs

Proof of Lemma 1
Fix the realization of sample noise ε and denote the set of non-zero coeffi cients

(the set of included variables) by V (ε) = {k ∈ K | bk(ε) 6= 0}. These

coeffi cients are given by the solution to the first-order conditions of

min
b0,...,bK

∑
x∈X

N∑
n=1

(ynx − b0 −
K∑
k=1

bkx
n
k)2 + 2KN

K∑
k=1

(
c01bk 6=0 + c1|bk|+ c2b

2
k

)
where the dependence of the coeffi cients b0, ..., bK on the noise realization ε

is suppressed for notational ease. The first-order condition with respect to
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b0 is ∑
x∈X

N∑
n=1

(ynx − b0 −
∑
k∈V (ε)

bkx
n
k) = 0 (13)

while the first-order condition with respect to each bj, j ∈ V (ε), is

2
∑
x∈X

N∑
n=1

xnj (ynx − b0 −
∑
k∈V (ε)

bkx
n
k) = 2KN((sign(bj)c1 + 2c2bj) (14)

From (13) we obtain

b0 = ȳ − 1

2

∑
k∈V (ε)

bk

Substituting (13) into (14) yields b̃j whenever βj + ∆ /∈ (−c1, c1). When

βj+∆ ∈ (−c1, c1), the first-order condition is self-contradictory, and therefore

we must have b̃j = 0.

The remaining task is to derive V (ε). Let P = 2KN denote the total

number of observations. In this proof, use xpk and y
p to denote the values

of xk and y in observation p ∈ {1, ..., P}. Without loss of generality, let us
compare the residual sum of squares (RSS) when the admitted coeffi cients

are b0, b1, ..., bm and when bm is omitted. The RSS in the former case is

RSS(b0, ...bm−1, bm) =
P∑
p=1

(
b0 +

m−1∑
k=1

bkx
p
k + bmx

p
m − yp

)2

=
P∑
p=1

(
bmx

p
m +

(
b0 +

m−1∑
k=1

bkx
p
k − yp

))2

while in the latter case it is

RSS(b0, ...bm−1) =

P∑
p=1

(
1

2
bm +

(
b0 +

m−1∑
k=1

bkx
p
k − yp

))2

As we have already shown, the values of the coeffi cients b1, ..., bm are inde-
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pendent of whether bm is included. We use b0 to denote the intercept in the

regression with bm.

The difference between RSS(b0, ...bm−1, bm) and RSS(b0, ...bm−1) is equal

to

P∑
p=1

(1

2
bm +

(
b0 +

m−1∑
k=1

bkx
p
k − yp

))2

−
(
bmx

p
m +

(
b0 +

m−1∑
k=1

bkx
p
k − yp

))2


which can be rewritten as a sum of three terms:

P∑
p=1

[
1

4
(bm)2 − (bmx

p
m)2

]
+ bm

P∑
p=1

(
b0 +

m−1∑
k=1

bkx
p
k − yp

)

−2bm

P∑
p=1

xpm

(
b0 +

m−1∑
k=1

bkx
p
k − yp

)

Each of the three terms in this sum can be further simplified as follows. First,

P∑
p=1

[
1

4
(bm)2 − (bmx

p
m)2

]

= (bm)2

P∑
p=1

[
1

4
− (xpm)2

]
= (bm)2 ·

[
K · 2n

4
−K · 2n−1

]
= −(bm)2 ·K · 2n−2
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Second,

bm

P∑
p=1

(
b0 +

m−1∑
k=1

bkx
p
k − yp

)

= bm

P∑
p=1

(
b0 +

1

2
bm +

m−1∑
k=1

bkx
p
k − yp −

1

2
bm

)

= bm

P∑
p=1

(
b0 +

1

2
bm +

m−1∑
k=1

bkx
p
k − yp

)
− 1

2
bm

P∑
p=1

bm

= −1

2
(bm)2 ·N · 2K

where the last equality follows from observing that in the regression without

bm, the first-order condition with respect to b0 implies that

b0 +
1

2
bm +

m−1∑
k=1

bkx
p
k − yp = 0

Finally,

−2bm

P∑
p=1

xpm

(
b0 +

m−1∑
k=1

bkx
p
k − yp

)

= −2bm

P∑
p=1

xpm

(
b0 +

m∑
k=1

bkx
p
k − yp − bmxpm

)

= −2bm

P∑
p=1

xpm

(
b0 +

m∑
k=1

bkx
p
k − yp

)
+ 2(bm)2

P∑
p=1

(xpm)2

= 2(bm)2 ·N · 2K−1

where the last equality follows from observing that in the regression with bm,
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the first-order condition with respect to bm implies that

P∑
p=1

xpm

(
b0 +

m∑
k=1

bkx
p
k − yp

)
= 0

Adding all three terms yields

(bm)2 ·N ·
[
−2K−2 − 2K−1 + 2K

]
= (bm)2 ·N · 2K−2

We include bm in V (ε) if and only if this term is weakly greater than Nc0. �

Proof of Lemma 2
Denote

θl =
−
√

2c0 − β1

d+ 1
θh =

√
2c0 − β1

d+ 1

Recall that we are restricting attention to a range of parameters such that

−1 < θl < θh < 1. We can partition the pivotal event RN into two closed

intervals: [−1, θl] and [θh, 1]. Because β1 > 0, |θl| < |θh|.
The relative entropy function D(s||π) is strictly convex in s and attains

a unique unconstrained minimum of zero at s = π. Furthermore, because

π−1,d = πd,−1, D(s||π) treats s−1,d and s−d,1 symmetrically. Therefore, for

any θ ∈ [−1, 1], the minimum of D(s||π) subject to s−1,d − s−d,1 = θ is

equal to the minimum of D(s||π) subject to sd,−1 − s−1,d = θ, such that the

minimum of D(s||π) subject to sd,−1 − s−1,d = θ is strictly increasing with

|θ|. Therefore, the minimum of D(s||π) subject to sd,−1 − s−1,d ∈ [θh, 1] is

strictly below the minimum of D(s||π) subject to sd,−1− s−1,d ∈ [−1, θl]. By

Sanov’s Theorem (see Theorem 11.4.1 in Cover and Thomas (2006, p. 362)),

the probability of the event [θh, 1] is arbitrarily higher than the probability

of the event [−1, θl] as N → ∞. Therefore, we can take the pivotal event
to be [θh, 1]. Furthermore, by the conditional limit theorem (Theorem 11.6.2

in Cover and Thomas (2006, p. 371)), in the N → ∞ limit, the probability

that sd,−1 − s−1,d = θh conditional on the event sd,−1 − s−1,d ∈ [θh, 1] is one.
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It follows that the objective function is D(s||π) and the constraints are

sd,−1 − s−1,d =

√
2c0 − β1

d+ 1
s−1,−1 + s−1,d + sd,−1 + sd,d = 1

Writing down the Lagrangian, the first-order conditions with respect to (si,j)

are (λ1 and λ2 are the multipliers of the first and second constraints):

1 + ln s−1,−1 − ln p2 − λ2 = 0

1 + ln sd,d − ln(1− p)2 − λ2 = 0

1 + ln sd,−1 − ln p(1− p)− λ1 − λ2 = 0

1 + ln s−1,d − ln p(1− p) + λ1 − λ2 = 0

These equations imply

sd,−1s−1,d = sd,ds−1,−1

s−1,−1

sd,d
= d2

Recall that

d =
p

1− p
ε̄1 = (sd,−1 + sd,d)(d+ 1)− 1

ε̄0 = (s−1,d + sd,d)(d+ 1)− 1

This implies that in the N →∞ limit, the distribution over ε conditional on
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the pivotal event assigns probability one to

ε̄0 = −1

2
(
√

2c0 − β1)− d

d− 1
+

1

2

√
(
√

2c0 − β1)2 +
4d2

(d− 1)2

ε̄1 =
1

2
(
√

2c0 − β1)− d

d− 1
+

1

2

√
(
√

2c0 − β1)2 +
4d2

(d− 1)2

which immediately gives the result for sd,−1 − s−1,d. �

Proof of Lemma 3
Denote zk = rk − xk. Inequality (4) can be rewritten as:

Eε

[
b0(ε, β) +

K∑
k=1

bk(ε, β)xk − β0 −
K∑
k=1

βkxk

]2

≤ Eε

[
b0(ε, β) +

K∑
k=1

bk(ε, β)xk +
K∑
k=1

bk(ε, β)zk − β0 −
K∑
k=1

βkxk

]2

This inequality can be simplified into

Eε

(
K∑
k=1

bk(ε, β)zk

)(
K∑
k=1

bk(ε, β)zk + 2b0(ε, β) + 2
K∑
k=1

bk(ε, β)xk − 2β0 − 2
K∑
k=1

βkxk

)
≥ 0

Then, (4) can be rewritten as

Eε

[(∑
k∈V

bk(ε, β)zk

)(∑
k∈V

bk(ε, β)zk + 2b0(ε, β) + 2
∑
k∈V

bk(ε, β)xk − 2β0 − 2
K∑
k=1

βkxk

)]
≥ 0

Note that for each k ∈ M ∩ V, zk = 1 − 2xk, while for each k ∈ V −M,

zk = 0. Note also that

b0(ε, β) = β0 +
1

2

K∑
k=1

βk + ε̄− 1

2

∑
k∈V

bk(ε, β)
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Hence, we can rewrite the above inequality as follows:

Eε

{[ ∑
k∈M∩V

bk(ε, β)(1− 2xk)

][
2ε̄+

K∑
k=1

βk(1− 2xk)−
∑

k∈V−M

bk(ε, β)(1− 2xk)

]}
≥ 0

Since wk = 1 − 2xk and bk(ε, β) = 0 for each k /∈ V, the above inequality is
equivalent to (10). �

Proof of Lemma 4
By definition,

∆k =
1

2

[
ε̄x|xk=1,xj=0 + ε̄x|xk=1,xj=0 − ε̄x|xk=0,xj=1 − ε̄x|xk=0,xj=0

]
∆j =

1

2

[
ε̄x|xk=1,xj=1 + ε̄x|xk=0,xj=1 − ε̄x|xk=1,xj=0 − ε̄x|xk=0,xj=0

]
Thus, ∆k = A+B and ∆j = A−B, where

A = ε̄x|xk=1,xj=1 − ε̄x|xk=0,xj=0
B = ε̄x|xk=1,xj=0 − ε̄x|xk=0,xj=1

By definition, A and B are i.i.d, and therefore E(A+B)(A−B) = E(A2)−
E(B2) = 0. �

Proof of Proposition 3
Plug bk(ε, β) = βk + ∆k into Condition (10):

Eε

(∑
k∈M

(βk + ∆k)wk

)(
2ε̄+

K∑
k=1

βkwk −
∑
k/∈M

(βk + ∆k)wk

)
≥ 0
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The L.H.S can be elaborated as follows:

2
∑
k∈M

βkwkE(ε̄) +
∑
k∈M

2wkE(∆kε̄) +

(∑
k∈M

βkwk

)2

+
∑
k∈M

(wk)
2βkE(∆k)

−
(∑
k∈M

βkwk

)∑
j /∈M

wjE(∆j)

− E(∑
k∈M

∆kwk

)∑
j /∈M

∆jwj


The first term is equal to zero because E(ε̄) = 0. Likewise, the fourth and

fifth terms are equal to zero because E(∆k) = 0 for every k. The last term is

equal to zero because E(∆k∆j) = 0 whenever k 6= j. As to the second term,

Finally, recall that for every k, we can write

∆k = ε̄xk=1 − ε̄xk=0

2ε̄ = ε̄xk=1 + ε̄xk=0

such that

E(∆kε̄) = E(ε̄xk=1 + ε̄xk=0)(ε̄xk=1 − ε̄xk=0) = E
[
(ε̄xk=1)2 − (ε̄xk=0)2

]
which is equal to zero because ε̄xk=1 and ε̄xk=0 are i.i.d. It follows that the

only non-zero term on the L.H.S of the condition is(∑
k∈V1

βkwk

)2

which is obviously non-negative. �

Proof of Lemma 6
Denote c∗ = (1 + 2c2)

√
2c0 + c1. Use g to denote the (normal) density of ∆k,

and G to denote its induced cdf . For notational ease, remove the subscript
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from βk. Then,

e(β) =
1

1 + 2c2

[∫ −c∗−β
−∞

(β + ∆ + c1)g(∆) +

∫ ∞
c∗−β

(β + ∆− c1)g(∆)

]
It is immediately evident that the value of c2 is irrelevant for this result.

Therefore, set c2 = 0 for notational simplicity. We can rewrite e(β) as follows:

e(β) = β[1−G(c∗−β)+G(−c∗−β)]+c1[G(−c∗−β)+G(c∗−β)−1]−
∫ c∗−β

−c∗−β
∆g(∆)

(i) Anti-symmetry of e (i.e., e(−β) = −e(β)) follows mechanically from the

formula for e. �

(ii) Rewrite the formula for e as follows:

e(β) = β + (c∗ − β)G(c∗ − β)− (−c∗ − β)G(−c∗ − β)−
∫ c∗−β

−∞
∆g(∆)

+

∫ −c∗−β
−∞

∆g(∆)− (c∗ − c1)[G(c∗ − β) +G(−c∗ − β)]− c1

Using integration by parts, this is equal to

β +

∫ c∗−β

−∞
G(∆)−

∫ −c∗−β
−∞

G(∆)− (c∗ − c1)[G(c∗ − β) +G(−c∗ − β)]− c1

hence

e(β) = β +

∫ c∗−β

−c∗−β
G(∆)− (c∗ − c1)[G(c∗ − β) +G(−c∗ − β)]− c1 (15)

Now differentiate this expression with respect to β:

1−G(c∗ − β) +G(−c∗ − β) + (c∗ − c1)[g(c∗ − β) + g(−c∗ − β)]

= G(β − c∗) +G(−c∗ − β) + (c∗ − c1)[g(c∗ − β) + g(−c∗ − β)]
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Each of the terms in this expression are strictly positive, hence the derivative

is strictly positive. �

(iii) The proof relies on two properties of G: (1) G(∆) + G(−∆) = 1 for

every ∆; (2) G is strictly convex over ∆ < 0 and strictly concave over ∆ > 0.

Denote d(β) = e(β)− β. Substituting (15) for e(β) yields

d(β) =

∫ c∗−β

−c∗−β
G(∆)− (c∗ − c1)[G(−c∗ − β) +G(c∗ − β)]− c1

Define d0(β) as the value of d(β) when c1 = 0. That is,

d(β) =

∫ c∗−β

−c∗−β
G(∆)− c∗[G(−c∗ − β) +G(c∗ − β)]

Let us first prove the claim for d0. By property (1) above, d0(0) = 0.

Assume β > 0 (this is without loss of generality). The above expression for

d0(β) can be viewed as the difference between two terms. The first term,∫ c∗−β
−c∗−β G(∆), represents the area under G over the range [−c∗ − β, c∗ − β].

The second term, c∗[G(c∗ − β) + G(−c∗ − β)], is the area of the trapezoid

whose nodes are the points (c∗−β, 0), (c∗−β,G(c∗−β)), (−c∗−β, 0), (−c∗−
β,G(−c∗−β)). Our task is to show that the area represented by the first term

is strictly smaller than the area represented by the second term. Suppose

that β ≥ c∗. Then, because G is strictly convex over ∆ < 0, the trapezoid

strictly contains the area under G in the range [−c∗ − β, c∗ − β], which

immediately implies the result for this range of values of β. Next, suppose

that β ∈ (0, c∗). Consider the line that connects the points (c∗−β,G(c∗−β))

and (−c∗+β,G(−c∗+β)). Thanks to property (2) above, this line lies below

G when ∆ ∈ [0, c∗− β] and above G when ∆ ∈ [−c∗+ β, 0]. By property (1)

above, the areas between this line and G over the two intervals [0, c∗−β] and

[−c∗+β, 0] are equal. Now, because G is strictly convex over negative values

of ∆, the line lies strictly below the side of the trapezoid that connects the

nodes (c∗−β,G(c∗−β)) and (−c∗−β,G(−c∗−β)). This in turn implies that
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the area between this trapezoid side and G to the left of their intersection

point is strictly larger than the area between the trapezoid side and G to

the right of their intersection point, which proves the result for this range of

values of β.

Now, observe that

d(β) = d0(β) + c1[G(−c∗ − β) +G(c∗ − β)− 1]

≤ d0(β) + c1[G(−c∗) +G(c)− 1]

= d0(β)

where the first inequality follows from examining the case of β > 0, and the

second equality follows from the symmetry of g around zero. Then, we have

established that d(β) ≤ d0(β) < 0. Thus, e(β) < β. Anti-symmetry of e

then ensures that e(β)− β > −β. �

Proof of Proposition 4
Throughout the proof, we use V to denote the set of selected variables given

some ε - i.e.,

V = {k = 1, ..., K | bk(ε) 6= 0}

Fix a profile of realized coeffi cients b = (b1, ..., bK). Our first step is to show

that E(ε̄ | b) = 0. We already observed that E(∆kε̄) = 0 for any k = 1, ..., K.

Because both ∆k and ε̄ are normally distributed with mean zero, this means

that ε̄ and ∆k are statistically independent for all k = 1, ..., K. Since b is

purely a function of ∆1, ...,∆K , it follows that ε̄ is independent of b. Since

E(ε̄) = 0, we conclude that E(ε̄ | b) = 0 for any b, hence E(ε̄ | V ) = 0 for

any V . This means that inequality (10) can be simplified into

∑
V

Pr(V )Eε

[( ∑
k∈V ∩M

bk(ε, β)wk

)(
K∑
k=1

βkwk −
∑

k∈V−M

bk(ε, β)wk

)
| V
]
≥ 0

Our next step is to characterize Pr(V ), namely the probability that the set
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of variables V is selected. Recall that whether or not bk(ε, β) 6= 0, and the

distribution of bk(ε, β), conditional on it being non-zero, depend only on ∆k

and the parameters of the model (the true coeffi cients and the costs). Because

all ∆k are mutually independent, the probability that k ∈ V is independent,
and denoted λk = Pr(βk + ∆k)

2 > c∗ (where c∗ is defined as in the previous

proof). Therefore,

Pr(V ) =
∏

k∈V
λk
∏

j /∈V
(1− λj) (16)

This enables us to further simplify the condition for the unprofitability of

the deviation:

K∑
k=1

βkwk
∑
k∈M

λkwkEε(bk(ε, β) | k ∈ V )

−
∑
k∈M

∑
j /∈M

λkλjwkwjEε(bk(ε, β)bj(ε, β) | {k, j} ⊆ V ) ≥ 0

Because we have established that bk and bj are statistically independent

whenever k 6= j,

Eε(bk(ε, β)bj(ε, β) | {k, j} ⊆ V ) = Eε(bk(ε, β) | k ∈ V )Eε(bj(ε, β) | j ∈ V )

Furthermore, observe that λkEε(bk(ε, β) | k ∈ V ) is equal to Eε(bk(ε, β)),

namely the ex-ante expectation of bk - which we have denoted by e(βk).

Therefore, we can further simplify the inequality into(∑
k∈M

e(βk)wk

) K∑
k=1

βkwk −
∑
j /∈M

e(βj)wj

 ≥ 0

�

Proof of Proposition 6
Denote βM = (βk)k∈M , β−M = (βk)k/∈M . Because of the independence across
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components, the L.H.S of (12) can be written as

EβM

[(∑
k∈M

e(βk)wk

)(∑
k∈M

βkwk

)]

−EβM

(∑
k∈M

e(βk)wk

)
Eβ−M

∑
j /∈M

(e(βj)− βj)wj


Recall that e is an anti-symmetric function. Therefore, e(β)− β is also anti-
symmetric. Combined with the symmetry around zero of the prior over each

βj, Eβj(e(βj) − βj)wj = 0 for every j. Recall that wk ∈ {−1, 1}, such that
(wk)

2 = 1. The inequality thus becomes

EβM

[(∑
k∈M

e(βk)wk

)(∑
k∈M

βkwk

)]

= EβM

[∑
k∈M

e(βk)βk +
∑

k,j∈M,k 6=j

e(βk)βjwkwj

]
=

∑
k∈M

E(e(βk)βk) +
∑

k,j∈M,k 6=j

wkwjE(e(βk))E(βj) ≥ 0

Because E(βj) = 0 for every j, this inequality is reduced to∑
k∈M

E(e(βk)βk) ≥ 0

Recall that sign[e(β)] = sign(β) for every β, hence this inequality holds. �

Proof of Proposition 7
Given the independence assumption, a deviation M is profitable if

EβM

[(∑
k∈M

e(βk)wk

)(∑
k∈M

βkwk

)]
−EβM

(∑
k∈M

e(βk)wk

)
Eβ−M

∑
j /∈M

(e(βj)− βj)wj


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is strictly negative, as in the previous example. Denote m = |M |. Using the
i.i.d assumption, we can simplify the terms. The first term is

EβM

[(∑
k∈M

e(βk)wk

)(∑
k∈M

βkwk

)]
=

∑
k∈M

E(e(βk)βk) +
∑

k,j∈M,k 6=j

wkwjE(e(βk))E(βj)

= mE(e(β)β) + e∗β∗
∑

k,j∈M,k 6=j

wkwj

The second term is

EβM

(∑
k∈M

e(βk)wk

)
Eβ−M

∑
j /∈M

(e(βj)− βj)wj


= ((e∗)2 − e∗β∗)

∑
k∈M

wk
∑
j /∈M

wj

The condition then becomes

mE(e(β)β) + e∗

β∗ ∑
k,j∈M,k 6=j

wkwj + (β∗ − e∗)
∑
k∈M

wk
∑
j /∈M

wj

 < 0 (17)

Define M to be homogenous if wk = wj for every k, j ∈ M . Suppose

that M is not homogenous - i.e., there exist k, j ∈ M such that wk = 1

and wj = −1. Let us consider two cases. First, suppose m = 2. Then,∑
k∈M wk = 0 and

∑
k,j∈M,k 6=j wkwj = −1, such that (17) is reduced to

E(e(β)β)− e∗β∗ < 0

Because e is strictly increasing in β, this contradicts Chebyshev’s algebraic

inequality. Therefore, M is unprofitable, a contradiction. Second, suppose
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that m > 2. Consider the deviation M ′ = M − {k, j}. Then:

|M ′| = m− 2∑
i∈M ′

wi =
∑
i∈M

wi∑
i,h∈M ′,i 6=h

wiwh =
∑

i,h∈M,i 6=h

wiwh + 1

such that as a result of the deviation, the L.H.S of (17) decreases by 2E(e(β)β)−
2e∗β∗, which we have established to be weakly positive. We can repeat this

argument until we obtain a homogenous deviation M ′′ that is at least as

profitable as M .

It follows that if there is a profitable deviation M , we can set it to be

homogenous without loss of generality. Inequality (17) becomes

mE(e(β)β) + e∗ [β∗m(m− 1)− (β∗ − e∗)m(K −m)] < 0

We have already established that e(β)β ≥ 0 and 0 < |e∗| < |β∗|. Therefore,
e∗β∗ > 0 and e∗(β∗−e∗) > 0. The L.H.S of the inequality thus unambiguously

increases with m. There are two candidates for a homogenous deviation:

{k | wk = 1} or {k | wk = −1}. Therefore, the more profitable of them is the
smaller one, namely M∗. �
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