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1. Introduction

We, in Economics, are used to thinking about prices as a device to bring order and

harmony to economic environments where joint and conflicting interests prevail and

the formation of a stable arrangement requires putting restrictions on what economic

agents are allowed to do.

Here, we investigate the logic of another social institution that sometimes can bring

stability into society: social norms which specify what is permissible and what is for-

bidden. These social norms, like prices, are applied uniformly to all individuals in the

society. A novel central solution concept is maximal normative equilibrium. It is a max-

imal set of permissible alternatives combined with a compatible profile of permissible

alternatives, such that each agent’s assigned alternative is optimal from among the per-

missible ones.

We have in mind that when faced with disharmony, the social norm adjusts until har-

mony is achieved. We also assume that if there are unnecessarily forbidden alternatives

such that harmony would prevail even if they were allowed, then the set of normative al-

ternatives will be extended to permit them. We do not assume that there is an authority

that determines the norms, but rather that the same invisible hand that calculates equi-

librium prices so well is also able to determine a minimal set of forbidden alternatives

for which the optimal individualistic behavior is compatible.

The notion of maximal normative equilibrium has a flavor of fairness in the sense

that all agents face the same set of opportunities. Different agents will typically choose

differently due to their different tastes but the outcome will always be "envy-free". Note,

however, that just because agents face the same set of opportunities does not make it

necessarily fair. One set of normative alternatives may be most preferred by some agents

and least preferred by others while a different normative set might be considered fairer

because it achieves a better balance between the interests of all agents.

There are three leading scenarios we have in mind:

1. A bundle is to be distributed among a group of people. Social norms determine the

set of permissible bundles from which group members can choose. For compatibility,

the set of permissible bundles should be such that total demand does not exceed the

total bundle.
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An example of such a norm is derived from the notion of egalitarian competitive

equilibrium: imagine that all agents are initially endowed with an equal share of the

total bundle and calculate the competitive equilibrium prices of that economy. This

equilibrium common budget set has the feature that individuals’ optimal choices are

feasible. We will see that this set is not maximal set with this feature but can be extended

to be so.

2. The survival of a group depends on their ability to reach each other within a cer-

tain time in the case of danger to any of its members. Therefore, they need to live within

a certain distance from one another. The members have preferences over where they

live and the equilibrium normative set specifies where they are allowed to. An equilib-

rium imposes minimal restrictions so that the individuals’ choices fulfill the closeness

requirement.

Alternatively, one can think of the group as a political party. Each party member

chooses a political platform. In order to maintain party unity, the chosen platforms must

not be too far from each other. We look for a broadest sets of platforms that maintain

party harmony.

We will see that in this environment, both fundamental welfare theorems hold, as

they do for competitive equilibria in an exchange economy. Namely, every maximal

normative equilibrium outcome is Pareto-efficient and every Pareto-efficient profile of

locations is a maximal normative equilibrium outcome.

3. A group owns limited quantities of a number of resources. Each member of the

group can choose a quantity of only one resource and feasibility requires that the total

demand for each resource does not exceed its available quantity. A norm specifies the

maximal quantity that each member is allowed to consume from each resource.

We will see that in a maximal normative equilibrium some of the resources might

not be exhausted and therefore the result may be Pareto-inefficient. Nonetheless, we

will see that in equilibrium the amount of inefficiency is "small".

Note that the existence of a normative equilibrium is not guaranteed without addi-

tional assumptions. For example, if all agents share the same preferences and feasibility

requires that all agents cannot make the same choice, then no normative equilibrium

exists. This emphasizes the point that the social institution which determines what is

allowed and what is not cannot always achieve harmony. On the other hand, we will see

ample examples, including the ones above, where it does exist.
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There is a sense in which the current paper continues our earlier work. In Richter

and Rubinstein (2015), we investigated a different solution concept: abstract equilib-

rium. It involves a public ranking of alternatives. The public ranking is analogous to

the "more expensive" relation which governs the standard competitive equilibrium. In

an abstract equilibrium, a feasible profile of alternatives is assigned to the agents so

that each agent’s assigned alternative is the best for him from among all the alterna-

tives which are socially ranked weakly lower than his. Thus, in equilibrium agents make

choices from individual choice sets induced by a common public ranking. This is fun-

damentally different from the current paper where all agents choose from a common

permissible set.

In the rest of the paper, we formally define the solution concept, prove some general

results about its nature, especially its connection to Pareto optimality, and apply the

concept to seven economic examples.

2. Maximal Normative Equilibrium

We start with the definitions of an economy and the basic solution concept:

Definition 1 An economy is a tuple ‹N , X ,{¥i }i∈N , F }›where N is a finite set of agents, X

is a set of alternatives, ¥i is agent i ’s preference and F is a subset of X N (the set of profiles).

The set F contains all profiles of choices that are feasible.

Definition 2 A Normative Equilibrium (NorE) is a pair ‹Y , (y i )› where Y ⊆ X and (y i ) is

a profile of elements in Y satisfying that:

(i) for all i , y i is an i -best alternative in Y ; and

(ii) (y i )∈ F .

We refer to the two components of a NorE as a NorE set and a NorE outcome. In the case

that the set X is a subset of a Euclidean space, we additionally require that the NorE set be

closed.

Thus, normative equilibrium has a structure analogous to that of competitive equi-

librium. The price system that is applied uniformly to all economic agents in the com-

petitive case is replaced by a uniform set of normative alternatives. This uniformity ex-

presses a notion of fairness (all individuals face the same restrictions).
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We view the normative set as being generated by forces analogous to the “invisible

hand” which guides an exchange economy towards competitive equilibrium through

small price changes until aggregate demand equals the aggregate endowment. Like-

wise, the normative set is not chosen by some authority but rather evolves through an

invisible-hand-like process in which alternatives are slowly added or removed to the

normative sets until harmony is obtained (that is the profile of chosen alternatives is

compatible with the feasibility constraint). It makes sense to focus on those normative

sets with the feature that whatever can be added to the normative set without disturbing

the harmony will be added. This brings us to the following central solution concept:

Definition 3 A NorE ‹Y , (y i )› is a maximal NorE if there is no NorE ‹Z , (z i )› such that

Z ⊃ Y .

Notice that in the above definition, maximality refers to the set of permissible alter-

natives only; if the permissable set of a NorE can be enlarged so that there is a (probably

different) feasible profile of optimal choices, then the NorE is not maximal. The max-

imality of the NorE set among those which induce harmony in the society captures a

stability concept: if a normative equilibrium evolves which is overly strict, in the sense

that loosening constraints does not interfere with feasibility, then these constraints are

indeed loosened.

In any normative equilibrium, all agents face the same choice set and since all indi-

viduals are rational, no agent strictly desires the alternative chosen by another, that is

the profile of choices is "envy-free" (see Foley (1967)). Formally:

Definition 4 A profile (y i ) is envy-free if for all i 6= j , y i ¥i y j .

A profile (y i ) is strictly envy-free if for all i 6= j , y i �i y j .

A maximal NorE might be Pareto-inefficient: To see this, consider the "housing econ-

omy" where N = {1,2}, X = {a ,b , c , d , e } (the set of houses) and F is the set of all pro-

files that assign each house at most once. Suppose that the agents’ preferences are

a �1 b �1 c �1 d �1 e and a �2 c �2 b �2 e �2 d . Every Pareto-efficient allocation

assigns a to one of the agents. But in any NorE ‹Y , (y i )i∈N › it must be that a /∈ Y (be-

cause both agents would demand it). One NorE is Y = {d , e }, y 1 = d , y 2 = e , which is

Pareto-inefficient and not a maximal NorE. The unique maximal NorE is Y = {b , c , d , e }

and y 1 =b , y 2 = c which Pareto-dominates the other NorE, but is still Pareto inefficient.
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Although a maximal NorE outcome might be Pareto-inefficient, the following propo-

sition demonstrates that the maximal normative equilibrium outcomes are precisely the

profiles that are Pareto-efficient among the set of envy-free profiles. An immediate conse-

quence is that any profile that is both envy-free and Pareto-efficient (among all feasible

profiles) is a maximal NorE outcome.

Proposition 1 A profile is a maximal NorE outcome if and only if it is Pareto-efficient

among all feasible envy-free profiles.

Proof. Let ‹Y , (y i )› be a maximal NorE outcome. The profile (y i ) is envy-free. If it is

Pareto-inefficient among the feasible envy-free profiles, then there is a feasible envy-

free profile (z i ) that Pareto-dominates (y i ). Clearly, ‹Y ∪ {z 1, .., z n}, (z i )› is a NorE and

for at least one agent i , z i �i y i and therefore z i /∈ Y , contradicting the maximality of

‹Y , (y i )›.

Let (y i ) be Pareto-efficient among the feasible envy-free profiles. Define Y = ∪i {y i }∪

{x | for all i , y i ¥i x }. Clearly, ‹Y , (y i )› is a NorE. Suppose that ‹Z , (z i )› is a NorE with

Z ⊃ Y . Then, z i ¥i y i for all i and (z i ) is envy-free. Take an x ∈Z −Y . There is an agent

i so that x �i y i and consequently, z i ¥i x �i y i . Therefore, (z i ) is an envy-free profile

which Pareto-dominates (y i ), contradicting (y i ) being Pareto-efficient among the envy-

free profiles. Thus, no such ‹Z , (z i )› can exist and ‹Y , (y i )› is a maximal NorE. �

A condition which guarantees that any maximal normative equilibrium outcome is

Pareto-efficient is given in the following proposition. The condition requires that if a

profile is feasible, then so is any profile for which one agent adopts the alternative cho-

sen by another agent instead of his own. Examples E and F in Section 4 satisfy this con-

dition.

Proposition 2 Assume that F satisfies the imitation property, i.e. if a ∈ F , then any pro-

file b , which differs from a only in that b i = a j for a unique i , is also in F . Then, the

maximal normative equilibrium outcomes are all Pareto-efficient profiles.
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Proof. Let ‹Y , (y i )› be a maximal NorE with a Pareto-inefficient outcome. Then, there is

a feasible profile (z i ) which Pareto-dominates (y i ). We will define an envy-free feasible

profile (x i ) that also Pareto-dominates (y i ) and then use it to construct a larger NorE.

Assign x 1, a ¥1-maximal alternative from {z 1, ..., z N }, to agent 1. Likewise, assign x 2,

a ¥2-maximal alternative from {x 1, z 2, . . . , z N }, to agent 2, and so on to form the profile

(x i ). In this construction: 1) the profile selected at each stage is feasible (because of the

imitation property of F ) and weakly Pareto-dominates the previous one and 2) at stage j ,

no agent i ≤ j envies any other agent. Therefore, (x i ) is envy-free and Pareto-dominates

(y i ) (because it is a Pareto improvement at each stage), violating Proposition 1.

The other direction follows from Proposition 1 because under the imitation condi-

tion on F , every Pareto-efficient profile is envy-free and therefore is efficient among the

envy-free allocations. �

Example A Splitting cakes economy

There are two goods, 1 and 2, with total bundle (α,β ). Each agent can choose a quantity

of only one of the two goods. Thus, the set of alternatives X consists of all objects of

the type (a ,0) and (0,b ). A profile is feasible if for each good the sum of the agents’

assignments of that good does not exceed its total. Agents have continuous and strictly

monotonic preferences. A social norm determines what quantities are allowed to be

chosen from each good and in equilibrium it guarantees that total demands does not

exceed the available quantities.

In this example, any maximal NorE set is downward closed. The following result

shows that there is a unique specification of maximal "quotas" in which the demand for

each of the goods does not exceed the supply. Note that the result applies equally to any

economy of K goods where each agent consumes only one good.

Claim A In any splitting cakes economy:

(i) There is a unique maximal NorE set.

(ii) In any maximal NorE, at least one of the goods is fully consumed.

(iii) In any maximal NorE, each good is allocated in a fixed quantity and if a good is

not fully allocated, then the unallocated portion is smaller than that fixed quantity.
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Proof. Step 1: If ‹Y , (y i )› and ‹Z , (z i )› are NorE, then there is a NorE with the NorE set

Y ∪Z .

For any closed subset W of X , let a W =max(a : (a ,0) ∈W ) and bW =max(b : (0,b ) ∈

W ). If a Y ≥ aZ and bY ≥ bZ , then ‹Y ∪Z , (y i )› is a NorE. Similarly, if aZ ≥ a Y and bZ ≥

bY , then ‹Y ∪Z , (z i )› is a NorE. Otherwise, without loss of generality, we have a Y > a Z

and bZ > bY . Then, a Y∪Z = a Y and bY∪Z = bZ . Take the NorE set to be Y ∪Z . Total

consumption of the first good is then bounded above by #{i : (a Y ,0) ¥i (0,bZ )} ∗ a Y ≤

#{i : (a Y ,0)�i (0,bY )} ∗a Y ≤ α. An analogous argument applies to the second good, and

thus the total consumption of both goods is less than the total endowment.

Step 2: Existence of a maximal NorE set.

Let a ∗ = sup{a Y : Y is a NorE set in some NorE} and similarly define b ∗. We now

show that M = {(x1,x2) ∈ X : x1 ≤ a ∗, x2 ≤ b ∗} is a NorE set in some NorE. By definition,

there are sequences of NorE sets (Yn ) and (Zn ) such that a Yn → a ∗ and bZn → b ∗. By

Step 1, Wn = Yn ∪Zn is a sequence of NorE sets and (a Wn ,bWn )→ (a
∗,b ∗). This sequence

has a subsequence in which a fixed set of agents Q choose (a Wn ,0) and the remainder

N −Q choose (0,bWn ). We now show that ‹M , (m i )› is a NorE where m i = (a ∗,0) if i ∈Q

and m i = (0,b ∗) if i ∈ N −Q . To verify feasibility of (m i ), notice that a W n ∗ |Q | ≤ α and

therefore a ∗ ∗ |Q | ≤ α and similarly for the other good. To verify individual optimality,

notice that since (a W n ,0) ¥i (0,bWn ) for all i ∈Q , then by continuity (a ∗,0) ¥i (0,b ∗) for

all i ∈Q . Similarly, (0,b ∗) ¥i (a ∗,0) for all i ∈N −Q .

Step 3: M is the unique maximal NorE set.

Given any NorE ‹Y , (y i )›, by the definition of a ∗ and b ∗, it is the case that a ∗ ≥ a Y and

b ∗ ≥bY . Thus, Y ⊆M .

Step 4: In a maximal NorE, at least one of the goods is fully consumed.

Assume otherwise. Let ‹Y , (y i )› be any NorE where k agents are allocated (a Y ,0)

while N − k agents are allocated (0,bY ) and no good is fully consumed, that is, k a Y < α

and (N − k )bY < β . Take a ′ = α/k and b ′ = β/(N − k ) so that a Y < a ′ and bY < b ′.

Define Y λ = {(x1,x2) ∈ X : (x1,x2) ≤ (λa ′ + (1− λ)a Y ,λbY + (1− λ)b ′)}. When λ = 0, at

least N − k agents prefer (0,bY 0 = b ′) to (a Y 0 = a Y ,0). When λ = 1, at least k agents

prefer (a Y 1 = a ′,0) to (0,bY 1 = bY ). By continuity, there is some intermediate λ where at
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least k agents weakly prefer (λa ′+(1−λ)a Y ,0) to (0,λbY +(1−λ)b ′)) and at least N −k

agents prefer (0,λbY +(1−λ)b ′)) to (λa ′+(1−λ)a Y ,0). Then, Y λ is a larger NorE set and

therefore Y could not have been maximal.

Step 5: For any maximal NorE, if a good is not fully consumed, then its unallocated

portion is smaller than each allocated piece of that good.

Suppose ‹Y , (y i )› is a maximal NorE where k agents are allocated (a Y ,0) and α −

k a Y > a Y . If every agent who is allocated (0,bY ) strictly prefers (0,bY ) to (a Y ,0), then

a Y can be slightly increased without changing consumption patterns, thus violating the

maximality of Y . Otherwise, for at least one i , y i = (0,bY ) and (a Y ,0) ∼i (0,bY ). Then,

‹Y , (z i = (a Y ,0), z−i = y −i )› is also a NorE where no good is fully consumed. By Step 4,

there is a NorE with a larger NorE set, contradicting the maximality of ‹Y , (y i )›. �

To see a case where the total endowment is not fully allocated, consider an economy

with two agents and total endowment (1,1). Suppose that both agents have preferences

satisfying (0,1) � (1,0) ∼ (0,3/4). Then, Y = {(x1,x2) ∈ X : (x1,x2) ≤ (1,3/4)}, combined

with y 1 = (1,0) and y 2 = (0,3/4), is a maximal NorE. The unallocated portion is 1/4 of the

second good which is indeed smaller than the allocated portion.

Example B Quorum economy

Consider an economy where X is a finite set of clubs. Each agent chooses one club to

be a member of. Feasibility requires that every nonempty club has at least as many

members as its quorum mx ≤ N . If each agent were to choose his beloved club, then

typically there will be insufficiently occupied clubs. The role of the maximal normative

equilibrium is to allow coordination with minimal restrictions on the agents.

There are many normative equilibria (for example, any set Y = {x } combined with

all agents choosing x ). Since there are finitely many NorE sets, a maximal normative

equilibrium always exists as well.

Claim B In some quorum economies, every maximal normative equilibrium is Pareto-

inefficient.
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Proof. Consider the quorum economy with N = 6, X = {a ,b , c }, and mx = 3 for all x .

Suppose that agents 1 and 2 have the preferences a � b � c , agents 3 and 4 have the

preferences b � c � a and agents 5 and 6 have the preferences c � a � b . There is no

feasible allocation with three active clubs. Furthermore, there is no normative set with

two clubs because one of the clubs is preferred by only two agents, violating feasibility.

Thus, any normative set has only one club, but any constant profile is Pareto-inefficient

since there are four agents who prefer another club, leading to a Pareto improvement

where exactly three of them move. Thus, in this example, every NorE outcome is Pareto-

inefficient. �

Of special interest are the Euclidean economies where the set of alternatives is em-

bedded in an Euclidean space. In such economies, we introduce standard restrictions

of differentiability, closedness and convexity on the parameters of the model (the set of

alternatives, the preference relations and the feasibility set):

Definition 5 An economy ‹N , X ,{¥i }i∈N , F }› is a Euclidean economy if

(i) The set X is a closed convex subset of some Euclidean space.

(ii) The preferences {¥i }i∈N are continuous and convex.

(iii) The feasibility set F is closed and convex.

We say that a Euclidean economy is differentiable if the preferences are strictly convex

and differentiable (differentiable preferences have differentiable utility representations or

more generally satisfy the condition suggested in Rubinstein (2005)).

Proposition 1 characterizes maximal normative equilibrium outcomes as being pre-

cisely the Pareto-efficient allocations among the envy-free allocations, but does not guar-

antee overall Pareto efficiency. For discrete environments, we have seen examples of

maximal NorE outcomes that are Pareto-inefficient. Furthermore, example A was an

economy with Euclidean alternatives where a maximal NorE outcome may be Pareto

inefficient. When this occurred, there was an agent who was indifferent between his as-

signed alternative and someone else’s. The next proposition shows that for differentiable

Euclidean economies, the gap between maximal NorE outcomes and Pareto efficiency

is within the set of envy-free allocations with indifferences.
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Proposition 3 In an Euclidean economy, any strictly envy-free maximal normative equi-

librium outcome is Pareto-efficient.

Proof. Assume ‹Y , (y i )› is a maximal NorE and y i �i y j for all i 6= j . If (y i ) is Pareto-

inefficient, then there is (z i ) such that z i ¥i y i for all i and for some k , z k 6= y k . By the

continuity of the agents’ preferences, for ε > 0 small enough, εz i + (1− ε)y i �i εz j +

(1− ε)y j for all i and by convexity εz i + (1− ε)y i ¥i y i . Thus, for each i , the bundle

εz i +(1−ε)y i is i ’s best bundle in Z = Y ∪{εz i +(1−ε)y i }i∈N . Furthermore, since εz k +

(1− ε)y k �k y k it is the case that Z ⊃ Y . Finally, since (y i ), (z i ) ∈ F and F is convex the

profile (εz i + (1− ε)y i ) is in F . Thus, ‹Z , (εz i + (1− ε)y i )› is a larger NorE, violating the

maximality of ‹Y , (y i )›. �

3. Convex Normative Equilibrium

In this section, we deal with Euclidean economies and introduce convexity into the so-

lution concept by requiring that the NorE set be convex (in addition to the requirement

that it be closed). This captures the sentiment that "if a and b are allowed then anything

between them must also be allowed" as in a standard mixture argument. Alternatively,

it is a simplicity requirement (see Proposition 6 below).

Definition 6 For Euclidean economies , a convex normative equilibrium is a NorE ‹Y , (y i )›

such that Y is closed and convex. A maximal convex normative equilibrium is a convex

NorE ‹Y , (y i )› such that there is no other convex NorE ‹Z , (z i )›with Z ⊃ Y .

One direction of Proposition 1 implies that a Pareto-efficient profile which is a NorE

outcome is also a maximal NorE outcome. Proposition 4 below is analogous: if a Pareto-

efficient profile is a convex NorE outcome, then it is also a maximal convex NorE out-

come. The other direction of Proposition 1 states that any maximal NorE outcome is

Pareto-efficient among the envy-free profiles. This direction generally cannot be ex-

tended to the case of maximal convex normative equilibria (see Example E). Note that

the following proposition does not rely on F being closed or convex.
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Proposition 4 For Euclidean economies, if (y i ) is a convex NorE outcome and is Pareto-

efficient (even if only among the convex NorE outcomes), then (y i ) is a maximal convex

NorE outcome.

Proof. We first show that there is a set Y ∗ such that ‹Y ∗, (y i )› is a convex NorE and is

maximal among all convex Y for which ‹Y , (y i )› is a NorE. To do so, we apply Zorn’s

Lemma. (A reminder: A chain is a completely ordered subset of P . Given a partially

ordered set P , if every chain in P has an upper bound in P , then the set P has at least

one maximal element.) Here, P consists of all sets Y for which ‹Y , (y i )› is a convex NorE

and the partial order is ⊇.

In order to show that any chain C of elements in P has an upper bound in P , it suf-

fices to show that U , the closure of the union of the sets in C , is in P . To be in P means

that U is a closed convex set for which ‹U , (y i )› is a NorE. By definition, U is closed. To

show that U is convex, it suffices to show that U , the union of the sets in C , is convex.

Given any two points x , y in U , there is some Y ∈ C such that x , y ∈ Y and therefore

all points between x and y are in Y and therefore in U . To see that ‹U , (y i )› is a NorE,

by continuity of preferences it suffices to show that for each i the element y i is ¥i top-

ranked in U . Suppose that there is an x ∈U so that x �i y i . Then, there is some Y ∈ C

such that x ∈ Y , contradicting that ‹Y , (y i )› is a NorE.

To prove the maximality of Y ∗, suppose that there is another convex NorE ‹Z , (z i )›

such that Z ⊃ Y ∗. As ‹Z , (z i )› is a NorE, it must be that z i ¥i y i for all i . If z i ∼i y i for all

i , then ‹Z , (y i )› is a convex NorE, contradicting the maximality of Y ∗. On the other hand,

if z i ¥i y i for all i with at least one strict inequality, then the profile (z i ) is a convex NorE

outcome and it Pareto-dominates (y i ), contradicting (y i ) being Pareto-efficient. �

The next proposition demonstrates that when X is compact and F is closed under

permutations, then a maximal convex normative equilibrium exists.

Proposition 5 For Euclidean economies, if X is compact and F is closed under permuta-

tions, then a maximal convex normative equilibrium exists.

Proof. Let O be the set of convex NorE outcomes. To see that O is not empty, let x ∈ F

be a feasible profile. By assumption, all permutations of x are in F . The average of these
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permutations is a constant profile (y i = y ∗) and it is in F because F is convex. Thus, the

pair ‹{y ∗}, (y i = y ∗)› is a convex NorE.

Since each preference ¥i is continuous and X is compact, there is a continuous

utility function u i representing ¥i . Also, by continuity of the preferences and F be-

ing closed, the set O is closed and since the set of all profiles is compact, so is O. Thus,

there is at least one profile z ∈O that maximizes
∑

u i (x i ) over O and therefore is Pareto-

efficient in O. By Proposition 4, z is a maximal convex NorE outcome. �

We now turn to the structure of maximal convex NorE sets for Euclidean economies.

Recall that any convex set is the intersection of the infinite family of half-spaces that

contain it. Proposition 6 states that for differentiable Euclidean economies, any maxi-

mal convex NorE set is not just convex but is also a polygon (an intersection of a finite

set of half-spaces), with at most one half-space per agent. Thus, the proposition pro-

vides a formal basis for the assertion that the maximal convexity of the normative set is

a requirement of simplicity.

Proposition 6 Let ‹Y , (y i )› be a maximal convex normative equilibrium in a differen-

tiable Euclidean economy and let J = {i | y i is not¥i -global maximum in X }. Then, there

is a profile of closed half-spaces (H i )i∈J , such that Y = ∩i∈J H i .

Proof. By the differentiability and strict convexity of the agents’ preference relations,

for every i ∈ J there is a unique closed half-space H i containing y i such that all other

elements in H i are dispreferred to y i .

Suppose that for some i ∈ J , there is an element w i ∈ Y \H i . By the differentiability

and strict convexity of i ’s preferences, and for small ε > 0, εw i + (1− ε)y i �i y i and by

convexity of Y , εwi +(1− ε)y i ∈ Y . Therefore, y i is not top �i -ranked in Y , a contradic-

tion. Thus, Y ⊆∩i∈J H i .

Since ‹Y , (y i )› is a maximal convex NorE it is sufficient to show that ‹∩i∈J H i , (y i )› is a

convex NorE. This follows from:

(i) the set ∩i∈J H i is closed and convex;

(ii) for each agent k , y k ∈ Y ⊆∩i∈J H i ;

(iii) for each j /∈ J , y j is a global maximum and therefore preferred by agent j to all

other alternatives in ∩i∈J H i ;
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(iv) for each j ∈ J , y j is ¥j -preferred to all other alternatives in H j and therefore y j

is ¥j -preferred to all alternatives in ∩i∈J H i . �

4. Examples

We now consider a variety of economic examples illustrating the maximal convex nor-

mative equilibrium concept and its relationship to Pareto efficiency.

Example C Exchange economy

An exchange economy ‹N , X ,{¥i }i∈N , F }› is a differentiable Euclidean economy such

that:

(i) The set X =Rn
+ is the set of bundles.

(ii) Agents’ preferences {¥i }i∈N are monotonic (as well as continuous, strictly convex

and differentiable).

(iii) There is some bundle e ∈Rn
+ such that (x i )∈ F if and only if

∑
x i = e .

The following claim demonstrates the special status of the egalitarian equilibrium

allocation: it is a maximal convex NorE outcome and it is uniquely so among the Pareto-

efficient interior profiles (there can also be Pareto-efficient non-interior allocations which

are maximal convex NorE outcomes).

Claim C For an exchange economy ‹N , X ,{¥i }i∈N , F }› :

(i) The egalitarian competitive equilibrium allocation and the associated budget set

together form a maximal convex NorE outcome.

(ii) If a profile is a maximal convex NorE outcome, Pareto-efficient and interior, then

it is the egalitarian equilibrium profile.

(iii) There can exist a non-interior Pareto-efficient profile which is a maximal convex

NorE outcome, but is not the egalitarian equilibrium outcome.

Proof. (i) Let ‹p ∗, (y i )› be the competitive equilibrium in the exchange economy where

each agent is initially endowed with e /n . Then, the pair ‹B (p ∗, e /n ), (y i )› is a convex

NorE where B (p ∗, e /n ) is the budget set given by the equilibrium price vector p ∗ and

the initial endowment e /n . To see that this is in fact a maximal convex NorE, suppose
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that ‹Z , (z i )› is a larger convex NorE and let z ∈ Z be an alternative such that p ∗ ∙ z >

p ∗ ∙ e /n . For each agent i , by the monotonicity, differentiability and strict convexity of

¥i ,for some ε > 0, εz +(1−ε)y i �i y i . Furthermore, εz +(1−ε)y i ∈Z by the convexity of

Z . As ‹Z , (z i )› is a NorE, it is the case that z i ¥iεz +(1− ε)y i �i y i . Therefore, z i /∈ Y and

so p ∗ ∙z i > p ∙e /n . But, then
∑

i p ∗ ∙z i > p ∗ ∙e , and so (z i ) is not feasible, a contradiction.

(ii) Let ‹Y , (y i )› be a maximal convex NorE and (y i ) be interior. For each agent i , the

chosen alternative y i is not ¥i -globally maximal and thus by Proposition 6, Y = ∩
i∈N

H i

where each H i is a half-space. Because the assignments are interior and the allocation

is Pareto-efficient the half-spaces must be parallel (otherwise, any two agents on non-

parallel half spaces could make a Pareto-improving local exchange). By monotonicity,

the half-spaces must be identical and equal to Y = {x |λx ≤w } for some positive vector

λ and a number w . For each i , the bundle y i is optimal in Y and by monotonicity,

λy i = w . Therefore,
∑

i∈N

λy i = nw , which implies that λy i = w = λ(
∑

i∈N

y i/n ) = λ(e /n ).

Thus, (y i ) is a competitive equilibrium allocation for the market where each agent is

initially endowed with e /n .

(iii) Consider the exchange economy with three agents, e = (5,5) and preferences

represented by the following utility functions (a slight modification of the preferences

will strengthen the weak convexity of the preference relations to strict convexity.):

u 1(x1,x2) = 5x1+1x2

u 2(x1,x2) = 1x1+1x2

u 3(x1,x2) = 1x1+5x2.

Figure 1. A convex NorE with a non-egalitarian Pareto-efficient assignment (Example C)

Let Y be the set of all bundles below the kinked line connecting y 1 = (0,3), y 2 = (2,2)

and y 3 = (3,0). The allocation (y i ) is Pareto-efficient since any allocation (z i ) which

dominates (y i ) satisfies that z i
1+ z i

2 ≥ y i
1 + y i

2 for all i with at least one inequality. Thus,
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Σi (z i
1 + z i

2) > Σ(y
i

1 + y i
2 ) = 10 which is not feasible. Since ‹Y , (y i )› is a convex NorE and

(y i ) is Pareto-efficient, then by Proposition 4, it is a maximal convex NorE outcome. �

Claim C demonstrates that for the exchange economy, among interior Pareto-efficient

allocations, the maximal convex normative equilibrium concept is much more selective

than the maximal normative equilibrium concept: the egalitarian equilibrium alloca-

tion is the unique maximal convex NorE outcome, whereas by Proposition 1, any envy-

free Pareto-efficient allocation is a maximal NorE outcome.

Related work: The existence of a Pareto-efficient envy-free allocation in an exchange

economy has been widely studied. When preferences are convex, continuous, and mono-

tonic, then it is well-known that providing all agents with the egalitarian endowment

and then allowing for trade results in a Pareto-efficient envy-free allocation. In fact,

a Pareto-efficient envy-free allocation still exists even when monotonicity is removed

(Schafer and Sonnenschein, 1975).

In the special case of preferences that are given by monotonic, concave and homoge-

nous of degree 1 utilities, Gale (1960) and Eisenberg (1961) demonstrate that there is

a unique Pareto-efficient envy-free profile which can be obtained by maximizing the

product of individual utilities. Bogomolnaia, Moulin, Sandomirskiy, and Yanovskaya,

(2017) recently showed that this result can be extended to the case of both goods and

bads.

Finally, the existence of a Pareto-efficient envy-free profile may fail in the case of

non-convex preferences (Varian, 1974). However, Proposition 5 shows that a max NorE

still exists in such a setting.

Example D Give-and-take economy.

This example is taken from Richter and Rubinstein (2015). Let X = [−1,1], where a pos-

itive x represents a withdrawal of x from a social fund and a negative x represents a

contribution of −x to the fund. Feasibility requires that the social fund is balanced,

that is (x i ) ∈ F iff
∑

i x i = 0. All agents have strictly convex and continuous preferences

(single-peaked) with their ideal denoted by p e a k i .

The following claim characterizes the maximal convex normative equilibrium.
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Claim D Consider a give and take economy with
∑

p e a k i > 0. There is a unique max-

imal convex normative equilibrium ‹Y , (y i )›, where Y takes the form [−1, m ] and (y i ) is

Pareto-efficient.

Proof. Given any set [−1, m ] with m ≥ 0, every agent who wants to give will select his

peak, and every agent who wants to take is either at his peak or cannot reach his peak

and instead makes do with taking m instead. There is a unique m such that [−1, m ] is a

NorE set. To see this, denote by D(m ) the net amount given and taken by all agents when

the NorE set is [−1, m ]. The function D is weakly increasing and continuous. Moreover,

D(0) ≤ 0, D(1) =
∑

p e a k i > 0, and D is strictly increasing whenever m <max{p e a k i }.

Thus, there is a unique m ∗ ≥ 0 for which D(m ∗) = 0. The set [−1, m ∗] combined with the

agents’ optimal choices is a convex NorE. To see that it is also a maximal convex NorE,

notice that any larger closed convex set must be of the form [−1, m ] where m > m ∗.

However, for such an m , D(m )> 0 .

We now show that any other convex NorE set [x , y ] is smaller than [−1, m ∗]. In order

for the social fund to be balanced, it must be that x ≤ 0≤ y . In equilibrium, agents who

wish to give will do so at either their peak or at x if p e a k i < x . Therefore, the total giving

in [x , y ] is not more than the total giving in [−1, m ∗]. Since the social fund is balanced,

the total taking in [x , y ] is also less than or equal to the total taking in [−1, m ∗], and

therefore y ≤m . Thus, [x , y ]⊆ [−1, m ∗].

The equilibrium outcome (y i ) is Pareto-efficient since if (z i ) Pareto-dominates (y i )

it must be that y i ≤ z i for all i with strict inequality for at least one agent which violates

the feasibility constraint. �

The requirement that the NorE set be convex was necessary for the previous claim.

There is a give-and-take economy with a maximal NorE outcome which is Pareto in-

efficient. To illustrate, consider a two-agent give-and-take economy with preferences

represented by the utilities depicted in Figure 2. Claim D establishes that [−1,0] is the

unique maximal convex NorE set.

The economy has a maximal NorE which is inefficient: Y = {−1,1} and y 1 = −1,

y 2 = 1. To see that it is maximal, suppose that there is a NorE ‹Z , (z i )› with Z ⊃ Y .

Feasibility requires that z 1 =−z 2. It must be that |z 1| 6= 1 since 1 and−1 are agent 1’s two
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Figure 2. Convex preferences for which there is a Pareto-inefficient maximal NorE (Example D).

least preferred alternatives in X , and since Z is larger it contains a better alternative. It is

impossible that 0< |z 1|< 1, because both agents prefer |z 1| to −|z 1|. Finally, z 1 6= 0 since

if z 1 = 0 then z 2 = 0, but agent 2 prefers y 2 = 1 to z 2 = 0.

Example E The Keeping Close Economy

Consider a Euclidean economy in which X is a closed convex set of locations (geographic

or political). Motivated by example 2 in the introduction, feasibility requires that each

pair of locations be within a distance of 1 from each other.

The set of Pareto-efficient profiles is non-empty (for example, the serial dictatorship

algorithm leads to a Pareto-efficient profile). It follows from Proposition 2 (since F satis-

fies the imitation condition) that the set of maximal NorE outcomes is equal to the set of

Pareto-efficient profiles. We will now see that the set of maximal convex NorE outcomes

includes all Pareto-efficient profiles but may also include Pareto-inefficient ones.

Claim E For a keeping close economy:

(i) Any Pareto-efficient allocation (y i )∈ F is a maximal convex NorE outcome.

(ii) A maximal normative convex equilibrium may be Pareto-inefficient.

Proof. (i) Given a Pareto-efficient allocation (y i ), define Y to be the convex hull of the

set {y 1, ..., y n}. Since (y i ) is feasible, any pair of locations in Y is within distance 1 of

each other (because d (
∑

i λ
i y i ,

∑
j γ

j y j ) ≤maxi ,j d (y i , y j )). Thus, any profile within Y
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is feasible. By the Pareto efficiency of (y i ) , it must be that y i is i ’s best alternative within

Y . Therefore, ‹Y , (y i )› is a convex NorE. By Proposition 4, (y i ) is also a maximal convex

NorE outcome.

(ii) An example of a Pareto-inefficient maximal convex NorE outcome is now given

for a two-agent economy with alternatives X =R2 and agents who prefer to be located as

close as possible to their ideal points p e a k 1 = (− 1
2

,− 1
2
) and p e a k 2 = ( 1

2
, 1

2
) (see Figure 3).

A maximal convex NorE is the profile ‹Y , (y i )›where Y is the x -axis, y 1 = (− 1
2

,0) and y 2 =

( 1
2

,0). There are Pareto-superior profiles, such as w 1 = (−0.3,−0.3) and w 2 = (0.3,0.3),

but there is no larger convex NorE ‹Z ,{z i }›. This is because Z must be convex and closed

and so Z must be a horizontal strip including the x-axis. Therefore, z 1 = (− 1
2

, a ) and

z 2 = ( 1
2

,b ) where b ≥ 0 ≥ a with at least one strict inequality, and any such z 1, z 2 are

strictly more than distance 1 apart.

Figure 3. A Pareto-inefficient maximal convex NorE (Example E). �

Example F Consensus Economy

A consensus economy is one in which X is a convex set of positions. The set F consists

of all the profiles where all agents make the same choice. This F satisfies the imitation

condition of Proposition 2 and thus a profile is a maximal NorE outcome if and only if it

is Pareto-efficient.
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The next claim examines the relationship between Pareto efficiency and maximal

convex NorE outcomes. It shows that when X is a subset of the real line and agents

have convex single-peaked preferences, then a profile is a maximal convex NorE out-

come if and only if it is Pareto-efficient, namely a profile of the form {y i = α} where α is

between the left-most and right-most peaks. However, in multidimensional Euclidean

economies, maximal convex NorE outcomes may also be Pareto-inefficient.

Claim F : (i) For any consensus Euclidean economy with X = [−1,1], a profile is a maxi-

mal convex NorE outcome if and only if it is Pareto-efficient.

(ii) There is a multidimensional consensus Euclidean economy which has a Pareto-

inefficient maximal convex NorE outcome.

Proof. (i) A profile (y i ) is Pareto-efficient if and only if there exists l ≤ y ∗ ≤ r such that

y i = y ∗ for all i , where l is the minimum of the agents’ peaks and r is the maximum.

Any pair ‹{y ∗}, (y i = y ∗)› where l < y ∗ < r is a maximal convex NorE. Furthermore,

‹[r,1], (y i = r )› and ‹[−1, l ], (y i = l )› are also maximal convex NorE. In the other direc-

tion, if ‹Y , (y i )› is a maximal convex NorE, then there is a y ∗ such that y i = y ∗ for all i . It

cannot be that y ∗ > R , because then R 6∈ Y , and so the pair ‹[R ,1], (z i = R)› would be a

larger convex NorE, contradicting Y ’s maximality. Similarly, y ∗ cannot be below L.

(ii) Consider the two-agent consensus economy with X = R2 and agents’ preferences

represented by U 1(x1,x2) = 2x2−|x2−x1| and U 2(x1,x2) = 2x2−|x2+x1|. Let Y = {(x1,x2) :

x2 ≤ 0}. From Y , both agents most prefer y 1 = y 2 = (0,0). The pair ‹Y , (y i )› is a convex

NorE. If there were a larger convex NorE set Z , it would have to be of the form {(x1,x2) :

x2 ≤ z } with z > 0. But, from Z , agent 1 most prefers (z , z ) and agent 2 most prefers

(−z , z ), and this profile is not in F . However, (0,0) is Pareto-inefficient since both agents

prefer (0,1) to (0,0). �

Comment: Consider the case in which X is the real line and the agents have ideal po-

sitions, ordered as z 1 < z 2 < .... < z N . Assume that F is relaxed so that agreement is

required by at least k > N /2 agents where k < N . Then, a maximal convex NorE still

exists and will be a strict subset of the Pareto-efficient outcomes. The possible majority

positions in a maximal convex NorE are all z for which z N−k ≤ z ≤ z k . For z = z N−k

20



the maximal convex NorE set will be all positions from z N−k and to the left. Similarly,

for z = z k , the maximal convex normative set will be all positions from z k and to the

right. For interior z N−k < z < z k , the maximal convex NorE set is {z }. Thus, for odd N

and k = (N + 1)/2, the median is the unique majority position in either maximal con-

vex NorE. On the other hand, if the voting threshold is raised, there are additional stable

positions that can be chosen by a majority. It follows that in our setting, increasing k ,

rather than inspiring compromise, only supports more extreme outcomes, which are

Pareto-dominated by existing maximal convex NorE outcomes.

Example G Near Average Economy

Consider a Euclidian economy where X = R, a set of positions. Agents have single-

peaked preferences. Harmony requires that no agent is an outlier, in the sense that his

position will not be more than distance 1 from the average position. Thus, denoting

Av g (x i ) =
∑

x i/n , we have F = {(x i ) | d (x j , Av g (x i )) ≤ 1 for all j }. The set F is convex,

but does not satisfy the imitation condition of Proposition 2; given a feasible profile, one

agent moving to the position of another may cause a third agent to become an outlier.

We will now see that for this economy maximal convex normative equilibria exist and

that their outcomes are a (possibly strict) subset of the set of Pareto-efficient profiles.

Claim G For the near average economy

(i) There is a maximal convex normative equilibrium.

(ii) Every maximal convex NorE outcome is Pareto-efficient.

(iii) There can be Pareto-efficient profiles which are not (even) convex NorE outcomes.

Proof. (i) For any a ∈ X , let x i (a ) denote agent i ’s most preferred location in (−∞, a ]. An

agent i chooses either x i (a ) = p e a k i or x i (a ) = a . Let Φ(a ) =maxi d (x i (a ),
∑

x i (a )/n ).

If a ≤min(p e a k i ), then x i (a ) = a for every i andΦ(a ) = 0. The function Φ is continuous

and strictly increasing on the interval (min(p e a k i ), max(p e a k i )). If Φ(max(p e a k i ))≤ 1,

then ‹Y = R, (y i = p e a k i )› is a maximal convex NorE. If Φ(max(p e a k i )) > 1, then let

b be the unique real number such that Φ(b ) = 1. Then, ‹Y = (−∞,b ], (y i = x i (b ))› is a

maximal convex NorE.

(ii) Let ‹Y , (y i )› be a maximal convex NorE, and let a = min(y i ) and b = max(y i ).

Denote by L = {j : p e a k j < a } the set of individuals with peaks to the left of a (those
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agents choose a ) and similarly, denote by R the set of individuals with peaks to the right

of b (those agents choose b ). The remaining "middle" agents, M = N − L −R , choose

their peaks. If L = R = ;, then all agents are at their peaks and there is no possibility of

Pareto improvement. If L = ; and R 6= ;, then the analysis is similar to part (a) below.

We now consider the case in which both L 6= ; and R 6= ;. Suppose that (z i ) Pareto-

dominates (y i ). It must be that z i = y i for every i ∈ M , z i ≤ y i for every i ∈ L and

z i ≥ y i for every i ∈ R , with at least one strict inequality. Define δL =
∑

i∈L(y
i − z i ) and

δR =
∑

i∈R (z
i − y i ).

Consider three cases:

(a) 0 = δL < δR . Suppose that the agents face the NorE set [a ,b ′] instead of

Y = [a ,b ] where b ′ > b . In this case, an agent i ∈ R would optimally choose w i (b ′) =

min{p e a k i ,b ′} and all other agents would optimally choose w i (b ′) = y i = z i . We can

assume that for every i ∈ R , z i < p e a k i , because if not, the feasible profile ((1− ε)y i +

εz i ) is also Pareto-improving. Let β be the number such that
∑

i∈R min{p e a k i ,β} =
∑

i∈R z i and therefore Av g (w i (β )) = Av g (z i ). Notice that β ≤ max(z i ). Therefore,

β−Av g (w i (β ))≤maxj {z j−Av g (z i )} ≤ 1 and thus (w i (β )) ∈ F . The pair ‹[a ,β ], (w i (β ))›

is a larger convex NorE, contradicting the maximality of ‹Y , (y i )›.

(b) 0 < δL = δR . In this case, Av g (w i ) = Av g (z i ) = Av g (y i ) where x i=b + ε/|R |

for i ∈ R , x i = y i = p e a k i for every i ∈ M and x i = a − ε/|L| for every i ∈ L where

ε > 0 is a number small enough such that it is (i) smaller than both min i∈R (p e a k i −b )

and mini∈L(a − p e a k i ) and (ii) smaller than both maxi∈R (z i − b ) and maxi∈L(a − z i ).

Then, ‹[a −ε/|L|,b+ε/|R |], (x i )› is a larger convex NorE, contradicting the maximality of

‹Y , (y i )›.

(c) 0<δL <δR . Let (x i ) be defined as x i = y i for all i ∈ L∪M and x i =λy i +(1−λ)z i

for all i ∈R such that δR−δL =
∑

i∈R (x
i−b )> 0. Notice that a v g (x i ) = a v g (z i ) and each

x i is between z i and a v g (z i ), so (x i ) is feasible because (z i ) is. The profile (x i ) Pareto

dominates (y i ) and we are back to case (a).

(iii) Let p e a k 1 = p e a k 2 = p e a k 3 = −1 and p e a k 4 = 2. The profile y 1 = y 2 = −1

and y 3 = y 4 = 1 is not a NorE outcome since agent 3 envies agent 1. However the profile

(y i ) is Pareto-efficient: To see it, note that any Pareto-improving profile (z i )must have

z 1 = z 2 = −1, z 3 ≤ 1 and z 4 ≥ 1. But, 1 ≥ z 4 − a v g (z i ) = z 4 − −2+z 3+z 4

4
≥ 3z 4+1

4
and

therefore z 4 = 1. Then, 1 ≥ z 4−a v g (z i )≥ 1, which implies a v g (z i ) = 0 , and so z 3 = 1.

Thus, (z i ) = (y i ) and no Pareto-improvement of (y i ) is possible. �
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Example H Random allocation of houses

This example applies our solution concept to Hylland and Zeckhauser (1979)’s model

for randomly allocating indivisible houses among agents.

A random house economy ‹N , X ,{¥i }i∈N , F }› is an economy such that:

(i) The set X is the set of lotteries over a finite set H of houses (a lottery p assigns a

probability to each h ∈H and the probabilities sum up to 1). There are the same number

of agents and houses.

(ii) Agents’ preferences {¥i }i∈N are consistent with expected utility.

(iii) Let A be the set of allocations of houses among the agents. The set F consists

of all profiles (p i ) which form a bi-stochastic matrix, that is, for every i ,
∑

h p i (h) = 1

and for every h,
∑

i p i (h) = 1. By Birkhoff (1946), this requirement is equivalent to

the requirement that there exists a lottery α over A such that for all i and h, p i (h) =
∑

a∈{a |a (i )=h}α(a ), that is, the marginal probabilities of α for each of the agents is equal to

p i .

Claim H For the random house economy, there exists a maximal NorE and every maxi-

mal NorE is also a maximal convex NorE.

Proof. Envy-free allocations exist (i.e. allocating the uniform lottery over H to each

agent). Preferences are continuous and the set of envy-free allocations is compact. There-

fore, there is an allocation that is Pareto-efficient among the envy-free allocations. By

Proposition 1, this allocation is a maximal NorE outcome. Since we assumed that the

agents have vNM preferences, then the maximal NorE set constructed in the proof of

Proposition 1 is the intersection of half-spaces and hence is convex. Thus, the maximal

NorE is also a maximal convex NorE. �

One can use the much more elaborate proof of Hylland and Zeckhauser (1979) to

show the stronger result that a Pareto-efficient maximal normative equilibrium exists.

They show that there is a feasible Pareto-efficient profile of lotteries which is a compet-

itive equilibrium outcome of a market with a common budget. This is not a standard

exchange economy equilibrium outcome in which a bundle (p (h))means a purchase of
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house h with probability p (h) because in this economy agents are restricted to choosing

lotteries only.

The Hylland and Zeckhauser (1979) equilibrium budget set and profile constitutes a

convex NorE. By Proposition 1, this Pareto-efficient profile is a maximal NorE outcome

and by Proposition 4 it is also a maximal convex NorE outcome.

5. Summary

This paper is a part of our grand project exploring the logic of "price-like" institutions

that can bring order to "general equilibrium" environments.

In Richter and Rubinstein (2015), an equilibrium consists of a public ordering and

a profile of choices. The public ordering has the interpretation of a prestige ranking on

the space of alternatives. The profile is required to be feasible and each agent’s choice is

required to be personally optimal from among the set of alternatives that are weakly less

prestigious than the one assigned to the agent. For the main solution concept, primitive

equilibrium, the ordering is required to be a primitive ordering, i.e. a member of a set of

basic orderings that all agents use in the formation of their preferences.

It is tempting to think about the normative equilibrium concept as a degenerate case

of the concept of primitive equilibrium. In order to do so, one would take the public

ordering to be such that all admissible alternatives are equally bottom-ranked, all for-

bidden alternatives are ranked above the bottom and agents would be assigned bottom-

ranked alternatives only. However, there are several essential differences: (i) In general,

such an ordering is not a primitive ordering. (ii) The constraint that the set of forbid-

den alternatives be minimal is not present in the primitive equilibrium framework. (iii)

In primitive equilibrium, the public ordering was required to be convex, which is analo-

gous to requiring the set of forbidden elements to be convex. In contrast, here we require

that the permissible set be convex.

In this paper, we derived general results regarding the Pareto efficiency of NorE out-

comes. For maximal normative equilibria, we presented several first welfare theorem

results (i.e. equilibrium outcomes are Pareto-efficient). Proposition 1 states that any

maximal NorE outcome is Pareto-efficient among the feasible envy-free profiles. Propo-

sition 2 states a condition on the set of feasible profiles F which guarantees that a NorE
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outcome is Pareto-efficient. Proposition 3 states that in a Euclidean economy, a maxi-

mal NorE outcome which is strictly envy-free is also Pareto-efficient. We also presented

some second welfare theorem results (i.e. a Pareto-efficient profile is an equilibrium

outcome). Proposition 1 states that a profile which is Pareto-efficient among the envy-

free profiles (which is not necessarily overall Pareto-efficient) is a maximal NorE out-

come. Proposition 2 states that under a condition on the set F every Pareto-efficient

profile is an equilibrium outcome.

With regard to the concept of maximal convex normative equilibrium, we did not

arrive at a general first welfare theorem result. Nevertheless, the first welfare theorem

holds in examples C, D and G, while it may be violated in examples E and F. Regarding

the second welfare theorem, Proposition 4 states that every Pareto-efficient profile that

is a convex NorE outcome is also a maximal convex normative equilibrium. The second

welfare theorem holds in Examples E and F but fails in examples C, D and G.

As to the relationship between maximal NorE outcomes and maximal convex NorE

outcomes, the notion of maximal convex NorE is weakly stricter for Pareto-efficient pro-

files. That is, if a Pareto-efficient profile is a maximal convex NorE outcome, then it is

necessarily envy-free and, by Proposition 1, also a maximal NorE outcome. Further-

more, in some examples (such as C and D), the set of maximal NorE outcomes is gener-

ally strictly larger. However, this relationship need not hold among the Pareto-inefficient

profiles: there may be Pareto-inefficient maximal convex NorE outcomes that are not

maximal NorE outcomes (see examples E and F).
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