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1. Introduction 

 The growth in earnings inequality over the last two decades is often attributed to 

the dramatic rise in the returns to education. For instance, according to the US bureau of 

the Census, for mid-career full-time year-round male workers, mean earnings of college 

graduate to high-school graduate ratio rose from 1.41 (in 1980) to 1.73 (in 1997). Family 

characteristics, such as parental wealth and educational attainment, are thought to bear a 

significant impact on the children's return to education [For some empirical evidence, see 

Rosenzweig and Wolpin (1994) and Altonji and Dunn (1996)]. Children coming from 

high-income families tend to obtain more education, and hence find themselves more 

often in the upper percentiles of the earnings distribution. Empirical studies [see, e.g., 

Solon (1992)] attest to the significant intergenerational correlation of incomes, which 

could well exceed 50 percent.  

 

 The rise in earnings inequality renders the debate on re-distribution policy, 

notably the one concerning the merits and pitfalls of progressive labor income taxation, 

ever so relevant. Strikingly though, in light of the evidence mentioned above, the 

theoretical literature on optimal income taxation, following the seminal contribution of 

Mirrlees (1971), has primarily focused on a 'static' model, where only intra-generational 

inequality matters.1 Issues of social mobility, intergenerational inequality and changes in 

inequality across generations have not attracted due attention. 

 

The purpose of this paper is to present a simple framework with just the key 

ingredients, so as to be able to shed some light on the linkage between intergenerational 

mobility and the design of the optimal labor income tax. Specifically, we allow for 

earning ability to be partly innate and partly acquired through education. We then address 

the issue of how a rise in mobility or in earnings inequality affects the optimal degree of 

progression of the labor income tax. 

 

                                           
1 Many dynamic models address the issue of optimal taxation, but maintain the single cohort assumption 
[see e.g., Brito et al (1991)]. 
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 The structure of the paper is as follows. The coming section presents the model. 

In section 3 we conduct comparative statics exercises. Section 4 concludes. 

 

2. The Model 
Consider the following two-period simple OLG framework.2 The old cohort lives 

for one period and each old individual gives birth to one offspring that lives for two 

periods. The old cohort comprises of two types of individuals, which differ in innate 

earning ability. Agents with high ability earn an hourly wage rate of w and constitute a 

fraction γ  of the population; whereas agents with low ability earn the wage rate of w , 

0< ww < , and make up a fraction γ−1  of the population (which is normalized to unity 

for each cohort, with no loss in generality). For simplicity, we will set γ =1/2. 

 

During the first period each parent takes two economic decisions. One concerns 

the allocation of time between leisure and labor. The other concerns the amount of 

education to acquire for his/her offspring. During the first period the offspring is passive 

and makes no economic decisions. In the second period the young cohort joins the labor 

market. We further simplify by assuming that labor supply of the two cohorts is perfectly 

inelastic.  

 

We further assume that innate ability is (positively but imperfectly) correlated 

across time. That is, the ability of each descendant depends on family background, but 

also on the amount of education provided by the parent. Formally, denote by ),( wep  the 

probability of upward mobility, that is the probability that a member of the young cohort 

will possess the high earning ability, w , when he/she enters the labor market. This 

probability depends on the education level e and on the family background w (denoting 

the earning ability of the parent). We make the following natural assumptions: 
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Namely, the probability of upward mobility is rising with respect to education but at a 

diminishing rate and is increasing with respect to family background, captured by the 

parental earning ability. Moreover, the marginal contribution of education to upward 

mobility, namely ep ∂∂ / , is (weakly) rising with the family background w. 

 

Acquiring education is costly and entails forgone consumption by the parents. The 

cost of education measured by forgone consumption is given by d(e)=e. 

 

 Parents are assumed to be altruistic (a la Barro).3 The utility of each dynasty 

(parent cum offspring) of type w is given by: 

 

(1) })],(1[),({)(),,,,( 231321 cwepcwepcuwecccU −++= β , 

 

where 21, cc  and 3c  denote, respectively, the consumption of the parent, the consumption 

of a low-ability and the consumption of a high ability descendant. The parameter 0>β  

denotes the degree of altruism. We further assume that u(·) is increasing, concave and 

twice continuously differentiable. 

 

Note that we choose a quasi-linear specification which significantly facilitates the 

analysis.4 One particular implication of the special functional form is the fact that income 

effects are fully absorbed by the second generation level of consumption. This, however, 

does not limit the generality of the qualitative results we obtain, as the social planner is 

concerned with equity issues from a dynastical perspective. 

 

There is a linear labor income tax, comprised of a flat tax rate, t, and uniform 

lump sum transfer,τ .  We assume, as is usually the case in practice, that education costs 

                                                                                                                              
2 A dynamic extension is presented in appendix C. 
3  Similar specifications of altruism are common in the recent literature stemming from the revived debate 
on inheritance and estate taxation [see e.g., Cremer and Pestieau (2001), Kopzcuk (2000) and Blumkin and 
Sadka (2002)]. 
4 We would be able, for instance, to distinguish between the disincentive component and the re-distributive 
one in the comparative statics analysis conducted below. 
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are not tax deductible. The budget constraints faced by a typical dynasty of type w are 

given by: 

 

(2) τ+−−−≤ bewtc )1(1  

(3) τ+++−≤ )1()1(2 rbwtc  

(4) τ+++−≤ )1()1(3 rbwtc ,  

with b denoting bequest and r denoting the exogenously given interest rate.5 We simplify 

the notation by letting r=0, with no loss in generality. 

 

 The first-order conditions (assuming an interior solution) are: 

 

(5) 0)(
1

1

1 =−
∂

∂ λ
c
cu  

(6) 0)],(1[ 2 =−− λβ wep  

(7) 0),( 3 =−λβ wep  

(8) 0321 =++− λλλ  

(9) 0))(1(),(
1 =−−−

∂
∂ λβ wwt

e
wep , 

with 21,λλ  and 3λ  denoting the Lagrange multipliers associated with constraints (2), (3) 

and (4), respectively. 

 

Manipulating the first-order conditions yields the following two optimality conditions 

(with respect to consumption smoothing and investment in education): 

 

(10) β=
∂

∂

1

1)(
c
cu , 

and 

(11) 1))(1(),(
=−−

∂
∂ wwt

e
wep . 
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Equation (10) implies that the two types of parents have the same amount of 

consumption in the first period; namely, income differences are fully absorbed in the 

second period variation in consumption. Equation (11) implies that high-ability parents 

invest no less than low-ability parents in the education of their offspring. 

 

Substituting the optimal solutions back into the direct utility function given in (1), 

one obtains the indirect utility function denoted by ).,,( τtwV  We also denote by )(* we  

the optimal investment in education of a parent with ability w.6 

 

The government (social planner) determines the optimum tax rates so as to 

maximize some social welfare function, subject to a revenue constraint. We assume that 

the social preferences are represented by the following welfare measure: 

 

(12) )],([2/1)],([2/1 ⋅⋅+⋅⋅= wVWwVWW , 

 

where 0)(' >⋅W  and 0)('' <⋅W . Namely, the welfare measure exhibits (strict) inequality-

aversion. 

 

The social planner is seeking to maximize the welfare measure in (12) by 

choosing the tax instruments, t andτ , subject to the following inter-temporal balanced 

budget constraint:7 

 

(13)

 

τ2}]]),([1[]),([{2/}]]),([1[]),([{[2/ **** ≥−++⋅+−++⋅ wwwepwwwepwtwwwepwwwepwt
 

                                                                                                                              
5 This could be justified by the standard assumption of a small open economy. 
6  We suppress arguments to abbreviate notation throughout, whenever it causes no confusion. 
7 We assume that the tax parameters are fixed across the two periods. This seems a realistic assumption as it 
reflects the infrequent nature of tax reforms. Relaxing the assumption would not change our qualitative 
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 This specification implicitly assumes that there are many parents of each type (but 

with an equal number), so that there is no macro risk. 

 

 We henceforth abbreviate notation and let all variables with an upper bar (lower 

bar, respectively) refer to high ability dynasties (low-ability dynasties, respectively). 

Particularly, we set ewe ≡)(*  and ewe ≡)(* . 

 

 Formulating the Lagrangean, one derives the first-order conditions for the two 

optimal tax instruments, t andτ , given, respectively, by: 

 

(14) 
0]),()(),()([2/

]2/2/[2/)(2/)( 321321

=
∂
∂

∂
∂

−+
∂
∂

∂
∂

−⋅

+++++−++−

t
e

e
wepwwt

t
e

e
wepwwt

IIwwwwww

µ

µλλλθλλλθ
 

(15) µλλλθλλλθ 22/)(2/)( 321321 =+++++ , 

 

where, θ  denotes the lifetime social marginal utility of income, I denotes lifetime 

expected income and is given by wwwepwwwepwI ]]),([1[[]),([ ** −++= , and 

µ denotes the Lagrange multiplier associated with the budget constraint in (13). 

 

 Substituting (15) into (14), some algebraic manipulations and re-arranging yields 

the following expression: 

(16) 0][2/)(
1

),(),,( =
∂
∂

+
∂
∂

⋅⋅
−

+−=
t
e

t
eE

t
tICovwwth θθ , 

with E(·) denoting the expectation operator and Cov(·) denoting the covariance operator.  

 

Re-arranging the expression in (16) yields the following: 

 

                                                                                                                              
results. The tax rate for the first generation would be optimally set to unity by virtue of our assumptions 
(inelastic labor supply). 
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(17) 
][2/)(
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1

t
e

t
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ICov
t

t

∂
∂

+
∂
∂

⋅
=

−
θ

θ  

 

 By virtue of the strict concavity of the social welfare measure, it follows that the 

numerator is negatively signed. It further follows from the concavity of p(e,w) with 

respect to e, that the denominator is negatively signed by virtue of  (11). Thus the optimal 

marginal tax rate, t, is positive, as expected. 

 

3. The effects of mobility and initial inequality 
 We turn next to investigate the effects of mobility and initial inequality on the 

optimal tax-transfer redistribution policy. For this purpose, we simplify by specifying the 

functional form of the transition probability ),( wep . We assume an additively separable 

form. Formally, we let the transition probability for an individual with high and low 

ability be given by )(),( efmawep ++=  and )(),( efmawep +−= , respectively, with 

am ≤≤0 denoting the degree of mobility in the economy. A lower m reflects a higher 

degree of earning mobility in the economy. When m=0, family background bears no 

impact on the transition probability. This is the case of perfect mobility. Note crucially 

that we parameterize mobility in a wealth-neutral manner. Namely, any change in 

mobility (that is, in the parameter m) will neither directly nor indirectly affect the 

aggregate wealth in the economy. 

 

3.1 Higher Mobility 
Consider first the effect of a rise in the degree of earning mobility (a decrease in 

m) on the marginal tax rate, t. We examine the effect of a small decrease in the parameter 

m on the optimal t. 

 

 Formally we are seeking to sign the following expression: 

 

(18) 
th
mh

m
t

mth ∂∂
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−=
∂
∂

= /
/

0),(
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 By virtue of the second order-condition of the social planner maximization, it 

follows that the denominator of the expression on the right-hand side of (18) is negatively 

signed. It follows that the sign of the expression on the left-hand side of (18) is 

determined by the sign of the numerator of the expression on the right-hand side of (18). 

 

 Differentiation of h(·) and some algebraic manipulations yield the following 

simplified expression: 

 

(19) 
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][),(
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θθθθθ
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 The first term on the right-hand side of (19) captures the disincentive component 

whereas the second term captures the re-distributive component. We turn to sign each one 

of the terms. Consider first the disincentive component. 

 

 By virtue of the separability of the transition probability, ),( wep , with respect to 

m, it follows that the first term cancels out as its numerator is equal to zero. 

 

 Close inspection of the second term reveals that its sign is determined by the 

expression in brackets in the numerator. Dividing the expression by θθ ⋅  (which does not 

change the sign) and using the fact that the lifetime social marginal utility of income is 

defined by 
)(
)]([

wdV
wVdW

=θ , yields, after re-arrangement, the following expression: 
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Employing the budget constraints (2)-(4) and (13), using the envelope theorem, it can be 

shown that (for details see appendix A): 

 

(23) ][)1()( wwt
m
wV

−⋅−⋅−=
∂

∂ β , 

 

and 

(24) ][)1()( wwt
m
wV

−⋅−⋅=
∂

∂ β . 

 

Hence, 




∂
∂
m
hSgn >0.   

 

In conclusion, a rise in the earning mobility (a decrease in m) yields unambiguously a 

lower marginal tax rate, hence a less progressive labor income tax, as one would expect.  

 

3.2 Higher Earnings Inequality 

Consider next the effect of a rise in earning inequality, captured by a mean 

preserving spread in the earning distribution, on the optimal marginal tax rate. Formally, 

let ∆+= ww  and ∆−= ww ; where 0>∆ . We examine the effect of a small rise in the 

parameter ∆  on the optimal t. 

 

 Formally, we are seeking to sign the following expression: 

 

(25) 
th

ht
th ∂∂

∆∂∂
−=

∆∂
∂

=∆ /
/

0),(

 

 

 Again, by virtue of the second order-condition of the social planner maximization, 

it follows that the sign of the expression on the left-hand side of (25) is determined by the 

sign of the numerator of the expression on the right-hand side of (25). 
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 Differentiation of h(·) and some algebraic manipulations yield the following 

simplified expression: 

(26) 
)(4

][)(

][

][),(
22

θ

θθθθθ

E
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t
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t
e

t
e

t
eICovh
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 The first term on the right-hand side of (26) captures the disincentive component 

whereas the second term captures the re-distributive component. We turn to sign each one 

of the terms. Consider first the disincentive component. 

 

 By virtue of (11) it follows that the denominator is negatively signed. It further 

follows that the Cov(·) is negative, by virtue of the strict concavity of the welfare 

function. We need to determine the sign of the expression in brackets in the numerator in 

order to sign the disincentive component. 

 

 Differentiating the expression in (11) with respect to t and re-arranging yields the 

following: 

 

(27) 22 /),()1(
w)/p(e,

ewept
e

t
e

∂∂⋅−
∂∂

=
∂
∂ , 

 

It then follows that, 

 

(28)  
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t
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By virtue of (11) and the construction of the mean-preserving spread it follows 

that 0/ >∆∂∂e . Noting that the term in the numerator of the expression on the right-hand 

side of (28) is the familiar measure of absolute risk aversion, it follows that the sign of 
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the expression is negative (positive) if the measure is decreasing (increasing) 

correspondingly. If f(e) is iso-elastic, for instance, the measure is decreasing.8 

 

We turn next to determine the sign of the re-distributive term. 

 

Re-iterating our derivation above yields, after re-arrangement, the following expression: 
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Employing the budget constraints (2)-(4) and (13), using the envelope theorem, it can be 

shown that (for details see appendix A): 

 

(30) 
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
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∂
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and 
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∂
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 Reformulating the expression on the right-hand side of (29) substituting (30) and 

(31) it follows: 

 

(32) 
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Where, 

                                           
8 We assume this functional form in the numerical example below. 
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







∆∂

∂
∆+
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∂

∆+−−⋅+−⋅−=Ω
pppptpt )]1([2]12[)1( ββ  









∆∂

∂
∆+
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∂

∆+−−⋅+−⋅−=Ω
pppptpt )]1([2]12[)1( ββ  

 

The first term on the right-hand side of (32) captures the short run effect; namely, 

the rise in earnings inequality deriving from the change in the skill distribution of the first 

generation (background effect). This term is positively signed and implies an upward 

adjustment in the marginal tax rate to accommodate the rise in inequality. Consider next 

the second term. This term captures the long run effect (the one associated with the 

change in the skill distribution of the second generation in our framework which affects 

investment decision of the parent generation). Suppose that investment in education is 

sufficiently intensive, such that 0>Ω  (A sufficient condition is: 2/1>p ). Suppose the 

limit case of perfect mobility (m=0), which implies that Ω=Ω .9 It is natural to assume 

that W(·) exhibits decreasing absolute risk aversion. Thus the second term on the right 

hand side of (32) is negatively signed. For sufficiently high degree of mobility, by virtue 

of continuity, the second term is negatively signed as well. This term captures the 

mobility factor, which mitigates the ‘background effect’ and suggests a downward 

adjustment in the marginal tax rate.  

 

The sign of the expression in (25) thus depends on the sign of the three terms and 

cannot be unambiguously signed. However, when the mobility component (second term 

in the re-distributive component) turns out to be sufficiently dominant, it may be the case 

that a mean-preserving spread would imply a lower marginal tax rate. Thus, a higher 

initial inequality leads to a less progressive tax system! A numerical example in appendix 

B illustrates this result. The result is embedded in the effect of taxation on the ratio pp / , 

which, in a sense, constitutes some measure for the relative success prospect of the 

offspring of a typical wealthy family to remain wealthy, vis-à-vis the success prospect of 

                                           
9 A high degree of mobility implies a lower marginal tax rate in the optimum, which follows from our 
previous comparative static exercise. This further boosts investment in education. 
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the offspring of a poor family to move up along the socio-economic scale. Formally the 

ratio is increasing with respect to the tax rate, t, which implies that the share of 

individuals coming from a poor background in the wealthy population of the second 

generation is diminishing. 

 

It should be emphasized that we choose a two period model, which is biased 

towards the ‘background effect’. Extending the model to a longer duration will shift the 

weight to the long-run component and amplify the impact of upward mobility. Indeed, in 

the dynamic model we present in appendix C, in the limit case, the ‘background effect’ 

disappears and the optimal tax rate is set to zero, regardless of the static level of 

inequality. This reflects the stark difference between the notions of static inequality and 

dynamic inequality. Education thus serves to mitigate the initial increase in earning 

inequality, by increasing the transition probability. In the case of perfect mobility this 

increase operates like a lump-sum transfer that reduces overall inequality. 

 

4. Conclusions 
The optimal tax literature focuses primarily on static setups with exogenously given 

distributions of earnings abilities. In the words of Mirrlees (1971), these abilities are 

purely innate. In this paper we consider a somewhat more general framework in which 

these abilities are partly innate but partly also acquired through education. In other words, 

we allow for economic (or social) mobility whose extent is endogenously determined 

through investment in human capital decisions. We find that mobility may plausibly 

reduce the optimal degree of progression of the tax-transfer system. 
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Appendix A: Derivations 

 
Derivation of equations (23) and (24) 

Using the notation in the text and employing the individual budget constraints [(2)-(4)], it 

follows that: 

 

(A1)

 










−++−+−++−+

−+−−−+−++
=

])1[(])1[(

])1[(})],(1[),({)(
max),,(

3322

11231
,,, 321 cbwtcbwt

cbewtcwepcwepcu
twV eccc τλτλ

τλβ
τ

 

By assumption the transition probabilities are given by )(),( efmawep ++=   

and )(),( efmawep +−= . It follows that: 

 

(A2) 1/),(/),( =∂−∂=∂∂ mwepmwep  

 

Moreover, by subtracting the budget constraint in (3) from the budget constraint in (4) 

one obtains: 

 

(A3) ][)1(23 wwtcc −⋅−=−  

 

Using the envelope theorem, it follows that: 

 

(A4)  ][/),(/)( 23 ccmwepmwV −⋅⋅∂∂=∂∂ β  

 

The result follows by substituting (A2) and (A3) in (A4). 
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Derivation of equations (30) and (31) 

We first turn to derive equation (30). By construction of the mean-preserving spread, it 

follows that 1// =∆∂−∂=∆∂∂ ww . Differentiating (A1) with respect to ∆ , using the 

envelope theorem, one obtains the following expression: 

 

(A5) ∆∂∂⋅+++−+−−−−=
∆∂

∂ /][)1()1()1()(
321321 τλλλλλλ tttwV  

 

Substituting for 321 and, λλλ  from (6)-(8) into (A1) and differentiating the budget 

constraint faced by the planner given in (13) with respect to ∆  (to obtain an explicit 

expression for ∆∂∂ /τ ) yields the result.  

 

Turning next to derive equation (31), differentiate (A1) to obtain: 

 

(A6) ∆∂∂⋅+++−+−−−=
∆∂

∂ /][)1()1()1()(
321321 τλλλλλλ tttwV  

 

Following the same steps of the previous derivation yields the expression in the text. 
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Appendix B: A Mean-preserving Spread in Earnings Inequality 

 
We illustrate that a rise in inequality may lead, counter-intuitively, to a less progressive 

tax system by means of a simple numerical example. The parametric assumptions are 

consistent with the model’s assumptions and given by: 

 

6.1
4.2

)(

09.0),(

11.0),(

8.0
5.0

)ln()( 11

=
=

=

+=

+=

=
=

=

w
w

VVW

eewp

eewp

ccU

β
γ

 

 

The following table represents the calculated optimal marginal tax rate, t, for different 

values of ∆ , the mean preserving spread: 

 

      ∆  0.1 0.2 0.3 0.4 0.5 

       t  0.083 0.082 0.081 0.080 0.078 

 

We can observe that the marginal tax rate is decreasing with respect to the size of the 

spread.  
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Appendix C: Dynamic Extension 

 

In this part, we extend the two-period model into a fully dynamic framework. 

 

 Parents are assumed to be altruistic (a la Barro) with respect to the sequence of 

future generations. To simplify, we assume that preferences are represented by a quasi-

linear utility function, and defined recursively for a typical dynasty of type w by: 

 

(C1) )}()],(1[)(),({),,( wVwepwVwepcwecU −++= β  

 

 With c denoting consumption, V(⋅) denoting the maximal utility derived by the 

offspring (taking into consideration all future generations) and 0>β  denoting the degree 

of altruism. Note that by virtue of the stationarity of the transition probabilities (we will 

confine attention to the steady-state) the value function, V(⋅), is independent of time.  

 

We denote by ρ  the (implicit) discount rate associated with β , the degree of 

altruism. That is, )1/(1 ρβ += . We henceforth focus on the case in which the equilibrium 

interest rate, r, satisfies r=ρ . It follows that consumption smoothing becomes irrelevant, 

and hence, we can solve for the optimum of each generation separately. 

 

The cost of education, measured by forgone consumption, is given by e. We 

assume that education costs are not tax deductible. 

 

 In the presence of a linear labor income tax, comprised of a flat tax rate, t, and a 

uniform lump-sum transfer, τ , each generation is faced with the following budget 

constraint: 

 

(C2) ectw +=+− τ)1(  
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One can write the following asset condition, which determines the continuation 

value of a typical dynasty of type w (henceforth, suppressing the tax parameters for 

notational convenience): 

 

(C3) )}()]()()[,()1({max)( wVwVwVwepetwwV e ββτ +−+−+−=  

 

Solving for the optimal investment in education yields the following first-order-

condition: 

 

(C4) )]()()[,('1 wVwVwep −= β  

 

Denote by e  and e  the optimal levels of education determined by individuals of 

types w  and w , correspondingly. Let the induced transition probability measures be 

denoted by ),( wepp =  and ),( wepp = , correspondingly. 

 

Normalizing the size of population at each time s to unity, we denote by sq  and 

s
q  the size (fraction) of population with earning ability w and w  at any time s, 

respectively. It follows by construction that 1=+
ss qq  for all s.  

 

The evolution of the economy is determined by the following condition: 

 

(C5) pppqq ss +−= − ][1  

 

By virtue of (C4) and using the properties of the transition probability it follows 

that pp >  and that for any initial condition, 0q , the economy converges to a steady-

state distribution of earning abilities given by: 
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(C6) 
)(1 pp

p
q

−−
=  ; 

)(1
1

pp
pq
−−

−
=  

 

With the intention of addressing policy issues, we assume that the preferences of 

the social planner are represented by some Bergson-Samuelson welfare measure of the 

form: 

(C7) )]}([)]([{
0

wVWqwVWqW
ss

s

s +=∑
∞

=

δ  

 

Where 0)('' <⋅W  and 0)(' >⋅W . Namely, the welfare measure exhibits (strict) inequality-

aversion. 

 

 Note, that the welfare of the offspring generations is already incorporated into the 

social welfare function, W, through the parent's utility, )(⋅V , at time s=0. However, the 

social planner may also assign a positive weight to the welfare of the offspring 

generations per se. This is captured by the parameter 0≥δ . When 0=δ , the offspring's 

welfare is fully 'laundered out'. We will henceforth focus on the limiting case, 1→δ , 

where the social planner is seeking to maximize the welfare flow at the steady state. 

 

We turn next to characterize the optimal linear labor income tax. We first take 

some preliminary steps before formulating the social planner's program. By manipulation 

of the asset condition in (C3), one can show that the continuation value functions for high 

ability and low ability dynasties are given respectively by equations (C8) and (C9): 

 

(C8) ])1([
)1(

1)( ccwV γγ
β

−+⋅
−

= ,  

(C9) ])1([
)1(

1)( ccwV γγ
β

−+⋅
−

= . 

 

Where 
)(1
)1(1

pp
p

−−

−−
=

β
β

γ  , 
)(1 pp

p
−−

=
β
β

γ , etwc −+−= τ)1(  and etwc −+−= τ)1(  
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 Differentiating (C8) and (C9) with respect to the labor income tax rate, t, using 

the envelope theorem, it follows that: 

 

(C10) ww
t
wV )1()()1( γγβ −−−=

∂
∂

−  

(C11)  ww
t
wV )1()()1( γγβ −−−=

∂
∂

−  

 

Fully differentiating (C4) with respect to t, noting that γγ > , one can show that 

0<
∂
∂

t
p ; 0<

∂

∂

t
p

 and, by virtue of (C6), 0<
∂
∂

t
q . In words, more progressive taxation; 

namely, a rise in the marginal tax rate, t, reduces the gains for education and results in 

lower upward mobility, hence a lower fraction of high-ability dynasties in the steady 

state. 

 

 We turn next to formulate the social planner's program. We focus on the steady 

state (see our discussion above). We assume that the planner is seeking to maximize the 

welfare flow in the steady state subject to an inter-temporal balanced budget constraint, 

which in a steady state implies period-by-period balanced constraint. Formally, 

 

(C12) 

0][

..

)]}([)]([{max ,

=−+

+

τ

τ

wqwqt

ts

wVWqwVWqt

 

 

Formulating the Lagrangean, one derives the following first-order conditions 

(with respect to t and τ ): 
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(C13) 
0])([])1([

)1(

])1([
)1(

)]}([)]([{

=
∂
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⋅−+++−−−

−

+−−−
−

+−
∂
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t
qwwtwqwqww
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wwqwVWwVW
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(C14) λ
β
µµ
=

−

+

)1(
qq

. 

 

With µ  and µ  denoting the social marginal utility of income for a high-ability and a 

low-ability dynasty, respectively and λ  denoting the Lagrange multiplier associated with 

the budget constraint in (C12). 

 

 Substituting (C14) into (C13), some algebraic manipulations and re-arranging 

yield the following expression: 

 

(C15) 
)(])[(

)]}([)]([{)1(],[

θ

βθ

E
t
qww

wVWwVW
t
qwCov

t
⋅

∂
∂
⋅−−

−
∂
∂

−+−
=  

 

Where θ  denotes the lifetime social marginal utility of income, given by 

µγµγθ )1( −+=  and µγµγθ )1( −+=  for a low-ability and a high ability dynasty, 

respectively.  

 

 We turn next to sign the expression in (C15). Since 0<
∂
∂

t
q  the denominator is 

positively signed. The sign of the numerator depends on two elements. By the strict 

concavity of the welfare function, it follows that µµ > . As γγ >  the covariance term is 

negatively signed, hence the first element is positively signed. By virtue of our earlier 

derivations, it follows that the second element is negatively signed. Thus determining 

whether the optimal labor income tax is progressive or regressive; namely, whether the 

labor income tax rate, t, is positive or negative, depends on the relative magnitude of two 
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competing forces. The first captured by the covariance element in the numerator is the re-

distributive component, which suggests a progressive labor income tax. The second force 

at play is a Pigouvian element, negatively signed, that is aimed at internalizing the 

discrepancy between the welfare as perceived by the social planner and welfare from the 

parents' generation perspective. When aversion for inequality as captured by the welfare 

function is sufficiently strong the optimal tax is progressive and vice versa. 

 

 Close inspection of the optimal condition in (C15) above reveals the distinction 

from the traditional 'static' framework. Two differences are worth noting.  

 

First the social marginal utility from income is a weighted-average defined over 

the range of earning levels. This reflects the mobility consideration in optimal tax design. 

Thus, although, at any point in time, 'static' earnings inequality persists, when the impact 

family background bears on mobility tends to be negligible; namely, as γγ → , the re-

distributive component tends to disappear. When 1→β , namely, for sufficiently high 

degree of altruism, the optimal tax rate approaches zero, as family background effect 

tends to disappear and the Pigouvian term vanishes as well.10  

 

Second, the non-zero marginal labor income tax rate affects the amount of 

education hence the level of mobility. In fact, as we assume for simplicity that labor 

supply is perfectly inelastic, this is the only source of distortion in the economy. 

                                           
10 To verify the latter, note that by employing (C8) and (C9), ∞<−→ )]()([lim 1 wVwVβ . Concavity of the 

welfare measure, W, implies that ∞<⋅−<−→ )]([')]()([)]}([)]([{lim 1 wVWwVwVwVWwVWβ . By fully 
differentiating (C4) and (C6) with respect to t, and employing (C10) and (C11), it follows 

that ∞<












∂
∂

→ t
q

1limβ . 
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